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Abstract 

We find relative differential invariants of orders eight and nine for 
a planar nonparallelizable 3-web such that their vanishing is necessary 
and sufficient for a 3-web to be linearizable. This solves the Blaschke 
conjecture for 3-webs. As a side result, we show that the number of 
linearizations in the Gronwall conjecture does not exceed fifteen and give 
criteria for rigidity of 3-webs. 
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Introduction 

Let Wd be a d-web given by d one-parameter foliations of curves on a two- 
dimensional manifold M 2 . The web Wd is linearizable (rectifiable) if it is equiv- 
alent to a linear d-web, i.e., a d-web formed by d one-parameter foliations of 
straight lines on a projective plane. 

The problem of finding a criterion of linearizability of webs was posed by 
Blaschke in the 1920s (see, for example, his book 0], §17 and §42) who claimed 
that it is hopeless to find such a criterion. Comparing the numbers of relative 
invariants for a general 3-web W3 (and a general 4-web W4) and a linear 3- 
web (and a linear 4-web), Blaschke made the conjectures that conditions of 
linearizability for a 3-web W3 should consist of four relations for the ninth order 
web invariants (four PDEs of ninth order) and those for a 4-web W4 should 
consist of two relations for the fourth order web invariants (two PDEs of fourth 
order) . 

In pQ the authors proved that the Blaschke conjecture on linearizability con- 
ditions for 4- webs was correct: a 4-web W4 is linearizable if and only if its two 
fourth order invariants vanish. In p^ a complete solution of the linearizability 
problem for d-webs, d > 5, was also presented. In fllj the linearizability condi- 
tions found in pQ were applied to check whether some known classes of 4-webs 
are linearizable. 

In the present paper we continue to use the Akivis approach (see pQ) for 
establishing criteria of linearizability of 3-webs. In this approach, the lineariz- 
ability problem is reduced to the solvability of the system of nonlinear partial 
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differential equations on the components of the affine deformation tensor. This 
is the system of four nonlinear first-order PDEs on three functions defined on 
the plane. In the paper ^Uj the first obstruction for integrability of the system 
was found. In this paper we use results of El to investigate the integrability 
of the system and show that the obstruction found in [TO coincides with the 
Mayer bracket defined in |15) . 

We show that for nonparallelizable 3-webs, the solvability of the system 
indicated above is equivalent to the existence of real and smooth solutions of 
the system of five algebraic equations of degrees not exceeding 17, 18, 18 and 
24, 24. This allows us: 

(i) To find relative differential invariants whose vanishing leads to the lineariz- 
ability of a 3- web W3. This solves the Blaschke problem mentioned earlier 
on finding linearizability conditions in the form of invariants whose vanish- 
ing is necessary and sufficient for linearizability of a 3- web W3. There are 
two types of invariants: 18 of them have order eight and 1040 have order 
nine. Note that the number of invariants can be different but there are 
always invariants of order eight. Note also that the Blaschke estimation of 
the " functional codimension" of the orbits of the linearizable 3-webs was 
correct, but the number of invariants was not. Moreover, the problem has 
invariants of order eight that do not match his prediction. 

(ii) To establish the algorithm for determining whether a given 3-web W3 is 
linearizable. This algorithm is based on investigation of the existence of a 
real solution of the five algebraic equations mentioned above. 

We have checked that the differential invariants vanish for all linear 3-webs 
W3 and apply the algorithm to two more examples (of nonlinear) 3-webs W3. 

As a side result, we obtain an estimation for the Gronwall conjecture. In 
1912 Gronwall ( j!3j ) made the following conjecture: if a nonparallelizable 3-web 
W3 in the plane is linearizable, then, up to a projective transformation, a dif- 
feomorphism transforming W3 into a linear 3-web is uniquely determined. The 
Gronwall conjecture is also called the "fundamental theorem" of nomography. 
Note that for parallelizable 3-webs such uniqueness does not take place. In fact, 
such a 3-web is formed by the tangents to a curve of third degree, but curves 
of third degree have nontrivial projective invariants (see §17). 

Bol (0, [7j, 1938) and Boruvka ([8], 1938) proved that the number of pro- 
jectively nonequivalent linearizations of a nonparallelizable, linearizable 3-web 
does not exceed 16. Grifone, Muzsnay and Saab f|12|. 2001) proved that this 
number does not exceed 15. We also prove that this number does not exceed 15, 
and give criteria for rigidity of 3-webs, but our method is different from that in 

ca 

Note that Vaona (HOI, 1961) and Smirnov 

(EI, d) considered the Gron- 
wall conjecture from the point of view of nomography. Vaona claimed that the 
above mentioned number does not exceed 11, and Smirnov claimed that this 
number does not exceed one (i.e., that the Gronwall conjecture is right). 
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In addition, we find the linearity condition for 3-webs and establish the 
relationship of this to the condition that a plane curve consists of flexes and to 
the Euler equation in gas-dynamics. 

The completion of this paper would not have been possible without the sup- 
port provided to the authors by the Mathematisches Forschungsinstitut Ober- 
wolfach (MFO), Germany. We express our deep gratitude to Professor Dr. 
G.-M. Greuel, the director of MFO, for the opportunity to use the excellent 
facilities at MFO. 

1 Basics Constructions 

We recall main constructions for 3-webs on two-dimensional manifolds (see, for 
example, jS] or 0], JUj) in a form suitable for us. 

Let M 2 be a two-dimensional manifold, and suppose that a 3-web W 3 is 
given on M 2 by three differential 1-forms uJi,0J2, and w 3 such that any two of 
them are linearly independent. 

Proposition 1.1 The forms u>x,t02, and u>3 can be normalized in such a way 
that the normalization condition 

Wi + 0J2 + OJ3 = (1) 

holds. 

Proof. In fact, if we take the forms 10 \ and a; 2 as co-basis forms of M 2 , then 
the form UJ3 is a linear combination of the forms u>\ and uj 2 : 

uj 3 = awi + 0L)2 , 

where a,/3^0. After the substitution 

1 1 

UJl — > —u>i, oj 2 — ► —uj 2 , oj 3 — * -oj 3 
a p 

the above equation becomes QJ. ■ 

It is easy to see that any two of such normalized triplets u>i, 0^2,^3 and 
wf , 0J2 , determine the same 3-web W3 if and only if 

UJ'l = S~ 1 U!l, ti>2 = s ~ luJ 2, ^3 = S _1 CJ3 (2) 

for a non-zero smooth function s € C°° (M 2 ) . 
1.1 Structure Equations 

From now on we shall assume that a 3-web W3 is given by differential 1-forms 
0Ji,ui2, and L03 normalized by condition |T|l. 
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Because M 2 is a two-dimensional manifold, there is a unique differential 
1-form 7 such that 

duj! = wi A 7, 

OW2 = CJ2 A 7. 

Moreover, it follows from that 

dw3 = UJ3 A 7. 

We call 7 the connection form and equations the wefe structure equations. 
Later on we shall see that 7 determines the so-called Chern connection on 
M 2 . 

For other representations (wf , w f) of the web, structure equations J3J 
take the form 



du){ = A7 S , 

where 

<is 

7 =7 + — • 
s 

Note that the differential 2-form dj does not depend on the web representation 
and is an invariant of 3- webs. 
Let 

d-f s = K s lu{ A cl>2 

and 

c?7 = K lj\ A c<J2 • 

The function K is called the web curvature. It follows from the last two equations 
that 

K s = s 2 K. 

This means that the web curvature if is a relative invariant of weight two. 

Let (9i,c>2 be the dual basis of the vector field module: a;, (dj) = Sij, i,j = 
1, 2. One has 

df = di (f) wi + d 2 (f) uj 2 

for smooth functions / e C°° (Ai 2 ) . 

If we decompose the connection forms 7 and 7 s relative to the basis {u>\, u>2}' 

7 = 9i Ml + 92 u 2 (4) 

and 

7 s = g sl u\ +g s2 u 2 , 

we get 

9si = sgi + dis, 
9s2 = sg 2 +d 2 s. 
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In addition, wc find 

[di,d 2 ] = -g 2 d\ +gid 2 - (5) 

This follows from 

wi {[di,d 2 ]) = -divi (d 1 ,d 2 ) = (7AW1) (<9i,<9 2 ) = -7(^2) = -.92 

and 

^2 {[di,d 2 ]) = -dui 2 (d!,d 2 ) = (7AW2) (d\,d 2 ) = 7(^1) = gi- 
Remark that 

7 ([9i,9 2 ]) = 0. 
For the curvature function, one has 

K = d 1 (g 2 ) - 8 2 ( 9l ) , (6) 

because 

c?7 = dgi Aui + dg 2 A u> 2 + giduji + g 2 du> 2 = 

—d 2 (gi) ui\ A uj 2 H — di (g 2 ) ui\ A uj 2 + giuoi A 7 + .92^2 A 7 
= -9 2 (.91) wiAw 2 + -<9i (.92) wi A u 2 + g!g 2 uji A uj 2 - g\g 2 u x A w 2 
= (<9i (.92) - d 2 (31)) wi A w 2 - 

In this paper we shall apply the following two normalizations: (i) dui- 3 = 0, 
and (ii) K = 1. 

The first one defines a 3-web up to gauge transformations: / — > F (/) , while 
the second one defines the e-structure on M 2 . 

Below we consider these two normalizations in detail. 

1.2 Normalization cLj 3 = 

We assume that M 2 is a simply connected domain of IR 2 , and therefore there 
exists a smooth function / such that w 3 is proportional to df, that is, w^Adf = 0. 
The function / is called the web function. 

Note that this function is defined up to a renormalization (gauge transfor- 
mation) / 1 — ► F (/) . 

We choose a representation of W3 such that 

^3 = df. (7) 

Similarly one finds smooth functions x and y for forms u)\ and u 2 such that 

oj\= a dx, uj 2 — b dy 

for some smooth functions a and b. 

Moreover, the functions x and y are independent and therefore can be viewed 
as (local) coordinates. In these coordinates, the normalization condition gives 

wi = -f x dx, u 2 = -f y dy, uj 3 = df. 
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The vector fields d\ and 82 take the following form 

d =-—— a =-—— 

fx dx ' fydy' 



In this case 
and 

for some function H. 
Hence (sec Q) 



= duj3 = LU3 A 7 
7 = -Huis = H (uji + uj 2 ) 



9\=92 = H. 
In terms of the web function /, one has 



H 



fxy 



fxfy 

and 

Jxy 
Jxjy 

For the curvature function K one gets the following expression: 

1 ft / fx\\ fxyy fxxy fxxfxy fxyfyy 



~ J [ J J x y y J xxy ^ 

fxfy V \fyj J xy fxfy fxfy fxfy fxfy 

(cf. E!, § 9, or 0, p. 43). 

For the basis vector helds d\ and 82, the structure equations take the form 

[&L,di]=H {d 2 -d{), (8) 

and 

K = d 1 (H) - d 2 (H) . (9) 
1.3 Normalization K= 1 

In this section we assume that K is a nonvanishing function: K ^ 0. We can 
assume that K > (changing the orientation if necessary), that is, 

K = k 2 

for some weight one smooth function k. 

Let us take s = and denote by 9i the differential 1-forms u)f with s = fc _1 : 

0i = kuji 

for i = 1,2. 
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We shall denote the corresponding connection form 7 s by a: 

dk 

a = 7- T - 

One has k t = tk for any positive smooth function t, and therefore 9i = ku)i = 
ktui\, i — 1,2, are invariant differential 1-forms intrinsically connected with the 
web. They define the e-structure on M 2 and satisfy the structure equations 

d9\ =81 Aa, 

d6 2 = 6*2 A a, (10) 
da — 0\ A 6 2 , 

because K k -i = (k~ 1 ) 2 K = 1. 

Let {Vi, V2} be the basis dual to the co-basis {9i, 6*2} , and let 

a = ai 61 + a 2 62- 

Then © and J^Jl imply that 

[Vi,V 2 ] = -a 2 Vi +ai V 2 (11) 

and 

Vi (o a ) - V 2 (ai) = 1, (12) 

where ai and a 2 are invariants of the web. 
In terms of the web function /, one has 

h dik h d 2 k 

al = J-J^> a2 = J-J^- (13) 



1.4 Linear 3- Webs 

In this section we consider linear 3-webs. Let W3 be a 3-web given by a web 
function z = f(x,y). The following theorem gives us a criterion for W3 to be 
linear. 

Theorem 1.2 Suppose that a 3-web W3 is given locally by the function z — 
f(x,y). Then W3 is linear if and only if 

f y fxx ~ %fxfy fxy + f x f yy = 0. (14) 

Proof. Note that a 3-web W3 can be also given by a nonvanishing function 
fx(x,y)/ f y (x,y) . Namely, the horizontal and vertical leaves are given by x = 
const and y = const, respectively, and the transversal leaves are defined in such 
a way that t = tan a, where a is the angle of the normal to the transversal leaves 
with the horizontal leaves. So, the web W3 is linear if and only if the function 
fx{x,y)/f y (x,y) remains constant along the transversal leaves. Thus 




= mod (wi + UJ2) 
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and 



u)i + <9 2 (Jjt^J ^2 = mod (wi 

a (!H(t)=°- 



- UJ 2 ) 



(15) 



It is easy to see that equation l)15[) is equivalent to equation 114(1 . ■ 

Remark. Note that linearity condition (|14|) of a 3-web W$ can be written 
in the determinant form: 



det 



fxx fxy fx 
fxy fyy fy 



fx fy 







(16) 



Note also that linearity condition 114|) (or HlBfl ) for a 3-web is also the neces- 
sary and sufficient condition for a point (x, y) to be a flex of the curve defined by 
the equation f(x,y) = (see, for example, section 1.1.5). The difference is 
that here 1)14[) is the equation for finding the function z = f(x,y) (it should be 
satisfied for all points {x, y)) while in algebraic geometry (f 1 4|> is the equation for 
finding the flexes (x, y) of the curve defined by the equation f(x, y) = provided 
that the function f(x,y) is given. 

Differential equation (|14|1 can be integrated as follows. Let us rewrite this 
equation in form 1)15(1 . Then 



or setting 



fx 



f ' 

we can rewrite (|14|) as the following system: 

d x w — wdyW = 
d x f - wdyf = 



0. 

0. 



The first equation 



d x w 



wdyW 







is the Euler equation in gas-dynamics (see, for example, [16) . p. 3). 

Solutions of this equation are well-known. Namely, if wq (y) = w\ x=Q gives 
a Cauchy data, then the solution w(x, y) can be found from the system 



V + Wq (A) X — X 

w(x,y) - Wq (A) 
by elimination of the parameter A. 



0, 




(17) 
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Further, if w is a solution of the Euler equation, then the functions w and / 
are first integrals of the vector field 

d x - wd y , 

and therefore there is the relation f = F (w) for some smooth function F. 
Summarizing we get the following description of linear 3-webs. 

Proposition 1.3 The web functions f (x, y) of linear 3-webs have the form 

f(x,y) =F(w (x,y)) , 

where w (x, y) is a solution of the Euler equation, and F is some smooth func- 
tion. 

As we saw earlier, the web functions are defined up to gauge transformations 
/ i — > F (/) . Therefore, the above proposition yields the following description 
of linear 3-webs. 

Theorem 1.4 Web functions of linear 3-webs can be chosen as solutions of the 
Euler equation. 

Example 1 Taking w (y) = y, we get the linear 3-web with the web function 
w — y/ (1 — x) . This 3-web is generated by two families of coordinate lines 
{x = const}, {y — const} and the straight lines of the pencil with the center 
(1,0). This 3-web is parallelizable. 

Example 2 Taking wo (y) = y 2 /4, we get the linear 3-web with the web 
function ( 1 +^ 1 ^ x y j ) or simply 



x 

It is easy to prove that this 3-web is generated by two families of coordinate 
lines {x — const}, {y = const} and the tangents to the hyperbola y = -. In 
fact, the leaves of the third foliation of this web arc level sets of the above web 
function, i.e., they are determined by the equation 

1 + VT~^ =(J 

x 

where C is a constant. The latter equation is equivalent to the equation 

y = -C 2 x + 2C. 

Thus the leaves of the the third foliation are straight lines. To find the envelope 
of these leaves, we differentiate the above equation with respect to C. This gives 
C = -. Therefore, the envelope is defined by the equation y = -. 
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Example 3 Taking wo (y) = —2^/—y, we get the linear 3-web with the web 

function 

/ = x + \]x 2 - y. 

Using the same approach as in Example 2, we can prove that the leaves of the 
third foliation are straight lines defined by the equation 

y = 2Cx-C 2 , 

and these straight lines are tangent to the parabola y — x 2 . 

2 The Chern connection 

Recall that a connection V in a vector bundle tt : E (it) — > B over a manifold 
B can be defined by a covariant differential dy : T (jr) — > T (tt) ® fi 1 (B) , where 
r (tt) is the module of smooth sections of the bundle tt, and fi 1 (B) is the module 
of smooth differential 1-forms on the manifold B. The covariant differential can 
be extended in a natural way to the following sequence: 

r (tt) ^ r (tt) <g> n 1 (b) H r (tt) <g> o 2 (s) ^ . . . 

The square of the covariant differential is the module homomorphism 
4 d = i? v : T (tt) T (tt) ® (B) . 

This homomorphism i?y is called the curvature of the connection V. 

We shall apply this construction to 3-webs on a two-dimensional manifold 
M. Let 7r = t* : T* (M) -> M be the cotangent bundle, and let W 3 be a 3-web 
defined by the differential 1-forms {u> 1,0^2,^3} normalized by JTJ. 

We use the differential 1-form 7 to define a connection in the cotangent 
bundle by the following covariant differential: 

d 7 : Q 1 (M) -> ft 1 (M) <g) ft 1 (M) , 

where 

d 7 (cji) = — wi <8> 7, 
d 7 (w 2 ) = -wa <S> 7; 

and (8> denotes the tensor product. 

Note that in the tensor product fi 1 (M) (g) fi 1 (M) the first factor plays the 
role of coefficients and should be differentiated due to the connection, and the 
second one is differentiated by the de Rham differential. 

It is easy to check that the curvature form of the above connection is equal 
to -dy, that is, d 2 : fl 1 (M) -> fl 1 (M) ® fl 2 (A/) is the multiplication by -dy: 

d 2 (w) = ~u®dy 
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for any differential form u> € il 1 (M) . 

This connection is called the Chern connection of the web. 

It is also easy to check that the Chern connection satisfies the relations 

d r «) = -u!®j s 

for z = l,2, and any non-zero smooth function s. 

The straightforward computation shows also that d 7 is a torsion-free con- 
nection. 

Note that in the case K ^ the second normalization (K = 1) leads us to 
the invariant 1-forms 9\ and 6 2 and to the unique Chern connection d a . 

Recall that for the covariant differential d v : n 1 (M) -> fl 1 (M) <g> fl 1 (M) of 
any torsion- free connection V, one has — d 7 — T, where 

T : ft 1 (M) -» S 2 (0 1 (M)) C ft 1 (M) ® ft 1 (M) 

is the affine deformation tensor of the connection, and S 2 (f2 1 (M)) is the mod- 
ule of the symmetric (0, 2)-tensors on M. 

In what follows, we shall use the notation Vx (9) = f (d^6) (X) for the 
covariant derivative of a differential 1-form 9 along a vector field X with respect 
to the connection V. 

Proposition 2.1 Let d v : Q 1 (M) -> il 1 (M) <g> ft 1 (M) 6e ifte covariant dif- 
ferential of a connection V m i/ie cotangent bundle of M. Then the foliation 
{9 = 0} on M given by the differential 1-form 9 E fl 1 (M) consists of geodesies 
of V if and only if 

d v {0) = a®6 + 6®l3 
for some differential 1-forms a,[3 G Ci 1 (M) . 

Proof. Let 9' be a differential 1-form such that 9 and 9' are linearly indepen- 
dent. Then 

d v (9) = a <g> 6 + 6 <g> /3 + /i6>' <g> 6'. 

Assume that X is a geodesic vector field on M such that (X) = 0. Then Vx (9) 
must be equal to zero on X. But 

d v 9(X) = f3(X)9 + h9' (X)e'. 

Therefore, h = 0. ■ 

Corollary 2.2 77ie foliations {wi = 0} , {^2 = 0} , and {o>3 = 0} are geodesic 
with respect to the Chern connection. 

The problem of linearization of webs can be reformulated as follows: find a 
torsion-free flat connection such that the foliations of the web are geodesic with 
respect to this connection. 
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Proposition 2.3 Let d v = d 7 - T : n 1 (M) -> n 1 (M) <8> ft 1 (M) be the 

covariant differential of a torsion-free connection V such that the foliations 
{u>p = 0} , p — 1,2,3, are geodesic with respect to the connection V. Then 

+ (T% 2 uj 2 ®lu 2 + I? 2 (Wl ®U0 2 +U} 2 ® Wl)) ® <9 2 , (18) 
where the components of the affine deformation tensor have the form 

7f 2 = Ai, I* = A 2 , = 2Ai + M , Tf 2 - 2A 2 - M (19) 
for some smooth functions Ai, A 2 , and fi. 

Proof. Due to Proposition ^ . H and the requirement that the foliations {u>i = 0} and 
{cj 2 = 0} are geodesic, one gets l(T%|) . The same requirement for the foliation 
{o>3 = 0} gives the following relation for the components of the affine deforma- 
tion tensor T; 

T 1 1 1 + lf a = 2(T 1 1 3 +T? a ), 

and this implies (|19|) . ■ 

Therefore, in order to linearize a 3- web, one should find functions Ax, A 2 and 
/j, in such a way that the connection corresponding to g?t = d 7 — T, where the 
affine deformation tensor T has form (|19|l . is flat. 

The covariant differential has the following form: 

droJi = — u>t ® (Tn — 0J2 ® cr 12) 
d T ^2 = -wi ® cr 2 i — w 2 (X) CT 22 , 

where 

(Tn = 7 + (2Ai + /i) w\ + A 2 cj 2 , 

(Tl2 = A 2 0Ji, 
cr 21 = AiW2, 

ct 2 2 = 7 + Ai^i + (2A 2 - p) oj 2 - 

Using structure equations ©, we get 

dtpLOi — w\ <g> (cr 2 i A CT12 — dcrii) + w 2 ® (ci2 A cth + cr 2 i A cr 12 - da 12) , 
d%U2 = Wi ® (en A cr 2 i + cr 2 i A cr 22 - dtT 2 i) + uj 2 ® (<Ti2 A cr 2 i - do-22) • 

Therefore, in order to obtain a flat torsion-free connection, components of the 
affine deformation tensor must satisfy the following Akivis- Goldberg equations: 

dan = c 2 i A U12, 
da\2 = a\2 A a\\ + (T21 A (T12, 
da 21 = (T11 A (T 2 i + CT21 A (T22, 

d(T22 = <T12 A (T21. 



(20) 
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Because wi and w 2 are linearly independent, equations l|2U|) imply that 

2d 2 (Ax) - d x (A 2 ) + d 2 {ii) = K + AiA 2 +g 2 (2A X + /*) - <?iA 2 , 

^2 (A 2 ) = A 2 (g 2 + A 2 - /i) , ^ 21 ^ 

<9i (Ai) = Ai (gi + Ai + /x) , 

8 2 (Ai) - 25i (A 2 ) +d x { l i)=K- AiA 2 + Ai.g 2 - <?i (2A 2 - M .) 

3 Calculus of Covariant Derivatives 

Let d 1 : VI 1 (M) — > fi 1 (M)®^ 1 (M) be the covariant differential with respect to 
the Chern connection. It induces the connection d* : T> (M) — ► T> (M) ® O 1 (M) 
in the tangent bundle, where 

d* : di — » d\ 7, 
d* : <9 2 -» <9 2 (g) 7. 

Denote by 9 P ' 9 (M) = (X> (M))® p (ft 1 {M))® q the module of tensors of 
type (p, g) . Then the Chern connection induces the covariant differential 

d (p,Q) . QP,9 ( M ) ^ gP+1,9 ( M ) ) 

where 

d^' 9) : • •(Xi9 Jp (8iw il (g)- • '(giai^ 1 — > ■ ■®dj p ®co il ®- ■ -(^uji q (^(du + (p - q) 

and ner (M) . 

We say that u is of weight q — p and call the form 

§ iP,g) ( u ) dg f ( u ) = du _ ( g _ p ) U1 (22) 

the covariant differential of w. 

Decomposing the form S^ 9 ~ p ' (u) in the basis {u>i,u> 2 }, we obtain 

(«) = s[ q - p) (u) Wl + («) W2 , 

where 

0) = 0i 0) - (v - p) 91% 

5 2 q ~~ p) (u) = d 2 (u) -(q-p) g 2 u 

are the covariant derivatives of u with respect to the Chern connection. 
Note that (u) and 5 2 q ~ p ^ (u) are of weight q—p + 1. 

Lemma 3.1 For any s = 0, ±1, ±2, the relation 

4 S+1) o S[ s) - 5{ s+1) o 4 S) = sK (24) 

holds for the commutator. 
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Proof. We have 

S 2 +1) ° <*i = 9 2 d i ~ sgid 2 - (s + 1) g 2 di + s (s + 1) g x g 2 - s<9 2 (#i) 

and 

<5f +1) o 4 s) = 9i9 2 - sg 2 di - (s+ l).gi<9 2 + s (s + 1)3152 - sdi(g 2 ). 

The statement follows now from (j^J. ■ 

Note that the curvature K is of weight two, while Ai, X 2 and /i are of weight 
one. 

The classical Leibnitz rule leads to the corresponding rule for weighted func- 
tions. 

Lemma 3.2 (Leibnitz rule) Let u be of weight k and v be of weight I. Then 
S\ k+t) (uv) = (u) v + u S ( P (v) . 

In what follows, we shall omit the superscript indicating the weight in the 
cases when the weight is known. For example, we shall write 8\K instead of 
S^K, or Sin instead of fi. 

4 Differential Invariants and Rigidity of 3- Webs 

As we have noted above, the curvature if is a relative invariant of weight two 
of a 3-web W. The covariant derivatives of K are relative invariants of weight 
three. The invariants (|13f) can be written in terms of the curvature K as follows: 

-SiK S 2 K 



They are absolute invariants of a 3-web W with nonvanishing curvature K. 
Hence all the derivatives 

= VlV J 2 (ai) and a l 2 3 = V\V 3 2 {a 2 ) 

are absolute invariants too; here i,j = 0, 1, 2, ... 

It is easy to sec that they arc differential operators with respect to the web 
function / of order i + j + 4. 

Note also that condition 112(1. 

Vi(oa)-V a (oi) = l, 

gives the differential relations between the invariants a l { J and a 2 J . 

In particular, it follows that there are no 3-webs with constant invariants a\ 
and a 2 . 

The following theorem is valid (cf. 0], §13 and [SJ, §20). 
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Theorem 4.1 The differential invariants a{ J and a l <f form a complete system 
of differential invariants of 3-webs with nonvanishing curvature, that is, any 
differential invariant of such 3-webs is a function of a finite number of invariants 

from the system |fflj.' 3 'j a 2 j > ~ 0, 1>^' ••• 

We say that a 3-web W is locally rigid in a domain D C M if for any 
two distinct points p,q *E D there is no local diffeomorphism sending p to 
<7 and transforming the web W in a neighborhood of p into the web W in a 
neighborhood of g. 

The problem of local rigidity can be viewed as a generalized Gronwall con- 
jecture (see the description of the Gronwall conjecture for linearizable webs in 
Section 8 or in 4 , §17). 

It is easy to see that locally rigid webs do not have nontrivial (infinitesimal) 
automorphisms. 

Let W be a 3-web defined in some neighborhood D of the point p, let B\ , 2 
and a be its invariant differential 1-forms, and let ai,a 2 be its absolute differ- 
ential invariants. Denote by W a copy of W with corresponding forms 61,62 , 
a and invariants ai,a 2 . 

On the product D x D, we consider the 1-forms 

01 = 01 -01,02 = 03-02, X = a-a 

and the functions 

A\ = ST — 01, A 2 = — a 2 . 

Then the graph C -D x fl of a local diffeomorphism : D — ► D, 4>(p) = q, 
transforming W in a neighborhood of p into W in a neighborhood of q is an 
integral surface of the differential system 

©i = 0, 9 2 = 0, H = (25) 

such that 

M G ,=0, A 2 | g ^=0. (26) 

Assume that the functions a\ and a 2 are functionally independent in D, and Z) 
is sufficiently small. Then the invariants a\ and a 2 can be viewed as coordinates 
on D, and therefore the distinct points p and q have distinct coordinates. This 
means that the web W is locally rigid. 

Let us assume that there is a functional dependence between the invariants 
ai and a 2 , say, a 2 = F (ai) . Then l|26(l determines a 3-dimensional manifold ./V 
such that the graphs are integral surfaces of differential system Ij25(l on N. 

For the system 

01^ = 0,02^ = 0, H| w =0 

to have two-dimensional integral manifolds, it is necessary and sufficient that 
the forms Q\\ N , ©2!^ and H\ N are proportional. In fact, the distribution de- 
fined by the above system should be two-dimensional and completely integrable. 
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This follows from the fact that proportionality of these forms implies complete 
integrability of the system. 

Indeed, let Gi^ A B 2 \ N = 0. Then 

N|jv = «i @i|iv + fl 2 e 2| w > 

and therefore 0i|jv A = 02^ A H\ N = 0. 
Moreover, 

dBi\ N = &i\ N A a\ N + 0i\ N A N^, 

and hence the system is completely integrable. 

Summarizing, we arrive at the following theorem. 

Theorem 4.2 (i) Lei W be a 3-web defined in a domain D in which the 
invariants a\ and a 2 are functionally independent and form a coordinate 
system. Then W is locally rigid in D. 

(ii) Let the invariants a\ and a 2 be functionally dependent in some domain D, 
say, a 2 = F (a±) , for a smooth function F, but the differential 3-form 

0i A 02 A dAi ^ (27) 

at points of the manifold { (p, q)\ a\ (p) = a± (q) , p ^ q} C D x D. Then 
W is locally rigid in this domain. 

We say that a vector field X is an infinitesimal automorphism of a 3-web 
W if the one-parameter group of shifts along X consists of diffeomorphisms 
preserving W. A 3-web W is said to be infinitesimally rigid if W has the trivial 
infinitesimal automorphism (X = 0) only. 

In terms of the invariant forms 0\ and 8 2 , this means that the following Lie 
equations 

L X (6 1 ) = Q, L x (0 1 )=Q 

hold. Here Lx is the Lie derivative along X. 
Let 

X = XiVi + X 2 V 2 

be the decomposition of X in the basis {Vi,V2}- Using structure equations 
(JTDJ , one can rewrite the Lie equations as follows: 

dXi = a 2 X 2 d x - a 2 x x e 2 , 
dX 2 = -aiX 2 6i + aiX x 6 2 , 

or 

V 1 {X 1 ) = a 2 X 2 , V 2 {X t ) = -a 2 X u 
Vi [X 2 ) = - ai X 2 , V 2 (X 2 ) = a 1 X 1 . 



1G 



The compatibility conditions for these equations follow from (lllll . Namely, 
applying the operators from the left- and right-hand sides of to X\ and X 2 , 
we get 

Vi(a 2 )X 1 + V 2 (a 2 )X 2 = 0, 
Vi(ai)Xi + V 2 {a 1 )X 2 = 0. 
This implies the following theorem. 



(29) 



Theorem 4.3 (Infinitesimal Rigidity of 3- Webs) Let W be a 3-web given 
in a domain D, and let the invariant 



J = det 



Vi(ai) Vi(a 2 ) 
V 2 (ai) V 2 (a 2 ) 



be nonvanishing in D. Then W is infinitesimally rigid in D. 

Let us assume now that J identically equals zero in D. As we have seen 
earlier, the entries of the above matrix do not vanish simultaneously, that is, 
the rank of the matrix equals one. 

Hence system (|29H has solutions of the form 

X = s(V 2 (a 2 ) Vi- Vi(oa) V 2 ) 

for some smooth function s. 

Substituting this expression into system l|28|) . we get 



Vi(«) 
Vi(«) 
V 2 (s) 
V 2 (s) 



a2Vi(a2)+ViV2 (a 2 ) 
V 2 (a 2 ) 

aiVi(a 2 ) + Vi (a 2 ) 
Vi (a 2 ) S ' 

a 2 V2 (a 2 ) + V 2 (a 2 ) 
V 2 (a 2 ) 

aiV 2 (a 2 ) + V 2 Vi (a 2 ) 



(30) 



Vi (as) 
It follows that 

a 2 (Vi(a 2 )) 2 + ViV 2 (a 2 ) Vi (a 2 ) = 01V1 (02) V 2 (a 2 ) + V? (a 2 ) V 2 (a 2 ) , 
a 2 V 2 (oa) Vi (oa) + V 2 (a 2 ) Vi (a 2 ) = oi(V a (a 2 )) 2 + V 2 Vi (a 2 ) V 2 (a 2 ) . 



The compatibility conditions for the above system take the form: 



(31) 



a2Vi(a 2 )+ViV2 (ga) 
V 2 (02) 



q 2 V 2 (a 2 ) + V2 (a 2 ) 
V 2 (a 2 ) 



a2Vi (a 2 ) + ViV 2 (a 2 ) a 2 V 2 (a 2 ) + V 2 (a 2 ) 
-a 2 — — -, — : V a\ — 



V 2 (a 2 ) 



V 2 (02) 



or 



V 2 ViV 2 (02) + a 2 ViV 2 (a 2 ) = ai V 2 2 (a 2 ) + a 2 Vi (a 2 ) V 2 (a 2 ) + V1V 2 (a 2 ) 
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Theorem 4.4 Let W be a 3-web such that J = 0, and suppose that the invari- 
ants a\ and a 2 satisfy the relations 

a 2 (Vi(a 2 )) 2 + ViV 2 (a 2 ) Vi (oa) = aiVi (o 2 ) V 2 (a 2 ) + V 2 (a 2 ) V 2 (a 2 ) , 
a 2 V 2 (a 2 )Vi(a 2 )+V^(a 2 )Vi(a 2 ) = «i(V 2 (a 2 )) 2 + V 2 Vi (a 2 ) V 2 (a 2 ) , 

V 2 ViV 2 (a 2 ) + a 2 ViV 2 (a 2 ) = aiV 2 . (a 2 ) + a 2 Vi (a 2 ) V 2 (a 2 ) + V1V2 (a 2 ) 

T/ien i/iere is a nontrivial infinitesimal automorphism of W which is unique up 
to a factor and has the form 

X = s(V 2 (a 2 ) Vi-Vi(a 2 ) V 2 ) , 
where the function s is a solution of Ipffi . 

4.1 Examples 

Example 4 Consider the 3-web W given by the web function 

f = x+ \Jx 2 -y 

in the domain {x > 0, y > 0, y < x 2 } (cf. Example 3). 

As we saw in Example 3, this web is generated by two families of coordinate 
lines {x = const}, {y = const} and the tangents to the parabola y = x 2 . 

For this web, we have 

f dx dy x (— 2/dx + dy) 



Wl " f-x' W2 2{f-x)' 1 2(f-x)(y-xfY 
H = * K= 2x 2 f~y(f + x) 



V- X f f(xf-y) 



2 



yffdx a dy (f + 2x) dx (2f + x)dy 

— a — 



f-x' 2V7 (/"*)' 2(f-xf 2 V/(/-x)' 



f + 2x 2f + x 

a l = / , i a 2 



V/ if - X) 2y/f(f- X ) 

Note that da\ A da 2 = 0. Hence the invariants a\ and a 2 are functionally depen- 
dent. The dependence is 



8aj - ha\ + 4ai (aj - l) ^a? + 6 + a 2 (4a 2 - l) ^/a 2 +3 + 3 = 0. 
Conditions l|2t)|) mean that 

ai (x,y) = ax (x,y) 

or 

V_ = y_ 

~2 ~1 ' 
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Then 

„ V7 {\fxdx - \/wdx) 
cJi = — . 

(/ - x)Vx 

and 



e 2 = x ^ 



fx 2y _ 
— dy H -j={xax — xdx) 



2v7(/-*) 

It is easy to check that on the manifold AT, the condition Oi A O2 = holds 
if and only if x = x and consequently y = y. 
In other words, this web is locally rigid. 

Example 5 Consider the 3-web W given by the web function 

f = (x + y)e- x . (32) 

This web is generated by two families of coordinate lines {x = const}, {y — const} 
and the level sets of the function /. 

Let t = 1 — x — y. Then for web IMl'l) one has 

U2 = —e dy, 7 = dx + — , 

e 2x 

dy 3dx + dy 

Vt 
2 ' 

Note that da\ A da-i = 0. Hence the invariants a% and ai are functionally depen- 
dent: 

3 

Oia 2 = -. 

The three-dimensional manifold N is defined by 

x + y = x + y , 

and the differential 1-forms are 

_ . dx — dx dx — dx _ , dx — dx 

llw = ^7^' 2,Ar = — 1n = — t — ■ 

Therefore the integral surfaces are given by the equations: 

x = x + c, y = y- C) 

and the requirement <f> (p) = p implies c = 0. 

Therefore web (|32[l is not locally rigid. Note that the vector field 

X=— - — 

dx dy 

is the infinitesimal symmetry of web ll-il'l) . 



Wi = 


—te x dx, 




e x 


H = 


, K 




t 




dx 


Oi = 


»2 

Vi 




3 


ai = 


2Vt' ^ 
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5 Akivis— Goldberg Equations 

Using the covariant derivatives instead of the partial derivatives, we write equa- 
tions 1|21[1 as follows: 

2S 2 (X 1 )-5 1 {X 2 ) + S 2 (fi) = K + XiX 2 , 

6 2 (X 2 ) = A 2 (A 2 -/z), 

MAi) = A x (Ai+/i), 

6 2 (Ai) - 25x (A 2 ) + Si (m) = ^-A X A 2 . 

Solving this system with respect to the covariant derivatives of Ai and A 2 , 
we obtain the following system of PDEs: 

MAi) =Ai(Ai+/x), 

K 1 2 
5 2 (Ai) = AiA 2 + y + -S 1 (/j) - -5 2 (//) , 

MA 2 ) = A1A2 - j + |<5i (/i) - -6 2 (/i) , 
<5 2 (A 2 ) =A 2 (A 2 -/x). 

We shall look at the above system as a system of partial differential equations 
with respect to the functions Ai and A 2 provided that /1 is given. 
From (|24|l we get the compatibility conditions for this system: 

61(62 {Xi}) - 62(61 (Xi))+KXi = 0, 

where i = 1, 2. 

After a series of straightforward computations, we obtain the following two 
compatibility equations: 

h ( M ) - 0, I 2 (m) = 0, (33) 
where Ii (/x) and Ii (fj,) have the form 

h{n) = Sl(fi) - 26162 (m) - t^Si (p) + 2fi6 2 ( M ) - [iK + ^(IT) 

and 

I 2 (fi) = 6 2 2 (fj,) - 26162 (fi) - 2/xSi (a*) + ftS* (/i) - M X + 5 a (Jf). 
We shall use the symmetrized derivatives. Namely, let 

1 

2 ( 



5 lJ = ^(6i6j +6j6i) 



be the symmetrized mixed second derivatives. 
Then for functions of weight one, we have 

c r K 

012 = 0x0-2 + —, 
621 = 6lS 2 - y, 
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and the expressions for and can be written as follows: 

h (/*) = ^22 (^) - 2*i2 {p) - 2/x<5i (/x) + (a*) + $2 (K) . 

We summarize these results in the following theorem. 

Theorem 5.1 ([!]) The Akivis-Goldberg equations as differential equations with 
respect to the components T 12 = \ 2 and T± 2 = X\ of the affine deformation 
tensor T are compatible if and only if the function fi satisfies the following dif- 
ferential equations: 

h (a*) = 0, h (A*) = 0. (35) 

If conditions are valid, then system ^2ty of PDEs is a Frobenius-type 

system, and for given values Ai (xq) and A2 (xq) at a point xq S M , there is 
(a unique) smooth solution of the system in some neighborhood of Xq. 

Let us denote by r the following involution: 

t : (x, y, n, K) -> (y, x, -fi, -K) . 

Then one can check that 

r(h) = h- 

6 Calculus in Jet Spaces of Weighted Functions 

6.1 Cartan's Forms in Nonholonomic Coordinates 

Let J r (s) be the space of r-jets of weight s functions in the plane R 2 . We shall 
use the coordinates (x,y,u,pi,p2, ■■■,Pi 1 ...i l , ■■■) in this space corresponding to 
the symmetrized covariant derivatives, that is, 

u Ur (h)) = h, pi {j r (h)) = 6% (h) , p 2 {j r (h)) = S 2 (h) , 
Pn..,i, (jr(h)) =*i 1 ...i ! (ft), ... 

Here j r {h) is the r-jet of the function h. The function u is of weight s, and 
Si 1 ...i l is its symmetrized covariant derivative of order ii + • • ■ + ij. 

In what follows, we shall denote the symmetrized covariant derivatives of 
the curvature function K by 

Ki 1 ,,,,i l — 0~i 1 ...ii {K) ■ 

We describe now the Cartan distribution (see ^3] or [3]) in JT (s) in these 
coordinates. Let us begin with J 1 (s) . The formula 

df = (Sif + sgif)uji + (6 2 f + sg 2 f)u2, 
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where / is a function of weight s, shows that the contact form on J 1 (s) can be 
expressed as 

e = du- (pi + sgiu) u)\ - (p 2 + sg 2 u) u> 2 

= du — S1*7 — piLUi — p 2 UJ 2 . 

To find the Cartan forms on JT 2 (s) , we shall use the relations 

<5i<$2 — <52<5i = —wK, 
5i2 = ^(5i<5 2 + <5 2 <5i), 

which hold for functions of weight w. 
These formulae imply that 



(36) 



5iS 2 = 5i2 - \wK, 
S 2 Si = <5i2 + \wK 

and give the following representation of the second-order Cartan forms: 

ej = dp!- (s + l)pi7-pnWi - (p 12 + ~sKu)u 2 , 

e 2 = dp 2 - (s + l)p 2 1 ~ (P12 ~ TjsKu) wi -p 22 ijj 2 . 

To obtain the Cartan forms on the next jet space JJ 3 (s) , we need the following 
relations: 

6 2 S 12 = 5 1 22 + U3s + 2)K5 2 + ±sK 2 , 
SiS 22 = 5 X 22 - \{Zs + 2)K5 2 - \sK 2 , 
8 2 5u = 5 112 + ^(3s + 2)K6 1 + ±sK 1 , 

which follow from (J2EJ). 

These relations allow us to represent the third-order Cartan forms: 

en = dpn - (s + 2)pn j-pmui - (pu 2 + ^ (3s + 2)i£> x + ^sKiiij w 2 , 

£12 = dp i2 - (s + 2)p 12 7- \p112 - ^ (3s + 2)Kpi - ^sKtuj Wi 

P122 + ^ (3s + 2) Kp2 + ^sK 2 u^j uj 2 , 

£22 = dp 22 - (s + 2) p 22 7 - (p 122 - i (3s + 2) Kp 2 - ^sK 2 uj u x - p 222 oj 2 . 
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In a similar way, from the relations 





= <5lll2 — 


i(3- 


i-4) jf<y u - 


V 2s - 


-l)Ki5i- 


—sK u , 
12 ' 




<Ml22 


= <5ll22 — 


>- 


f- 4) JfJu - 


\ {2s - 


- 1) K 2 8 l - 


i(2« + i)jri* 2 - 




6 


<>1 ^222 


= <5l222 — 


i(3- 


f- 4) A<5 2 2 - 


\ {2s - 


- 1) K 2 8 2 - 






<Mlll 


= <5lll2 + 


~(3s- 


1-4) K5u + 


V 2s - 


-l)Jfi<5i + 


4**11, 




#2#112 


= <5ll22 + 


i(3.- 


h 4) i^(5i2 + 


V 2s - 


- 1) #2*1 + 


i (2a + 1)^2 - 




6 


£>2<5l22 


= ^1222 + 




h 4) A<5 2 2 + 


\i2s- 


- 1) K 2 8 2 + 


sK 22 . 

12 ' 





we get the following representation for the fourth-order Cartan forms: 
£ni = dpm - (s + 3)pin7 -pmiwi 

P1112 + \ (3s + 4) Kpn + i (2s + 1) Jf lPl + ^sif u ttj w 3 , 
£112 = dpu2 - (s + 3) P1127 

P1112 - ~ (3s + 4) Apn - ~ (2s + 1) Kipx - y^s^nu^ w x 

- (pirn + ~ (3s + 4) Xp 12 + i (2s + 1) A 2 pi + i (2s + 1) K lP2 + ^sK 12 u j ,j 2 - 

£122 = ^122 - (s + 3)pi227 

P1122 - ~ (3s + 4) Ap 12 - i (2s + 1) # 2 £i - i (2s + 1) K lP2 - ^sK 12 u ) 

- {v\222 + ^ (3s + 4) Kp 22 + ~ (2s + 1) if 2 P2 + -^s#22^ w 2 , 

£222 = 4>222 - (s + 3)^2227 

- ^Pi222 - ^ (3s + 4) Kp 22 - i (2s + 1) !f 2 P2 - ^sK^u^j io\ - £2222^2- 

6.2 The Total Derivative and the Mayer Bracket 

We shall denote by X the total derivative corresponding to a vector field X on 
the manifold M 2 (see, for example, ^31 or ED- Using the representations of 
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Cartan's forms, we get the following expressions for the vector fields 3\ and 3 2 : 

^ 3 3 f s \ 3 

3\=3\ + {sgiu+pi) — + ((s + l)gipi +pu) ^ + [{s + 1) gip 2 + p\i - 7, Ku ) 

,. „. .3 /. „. 3s + 4 T ^ s T ^ \ 3 
+ ((s + 2) gxpn + pin) h (s + 2) gipi2 + P112 — Api - 77^1" 



opu \ 6 6 / 3p 



512 



+ (s + 2) P1P22 + P122 — Kp 2 - -K 2 u 



+ ((s + 3)gipm +P1111) 



3 3 / <9p22 

3 



dp 



+ [ (s + 3) 31P112 + P1112 - ' ^ Kpu - ~" ' ^ i^iPi - 777-^11'" 



'111 






2s + 1 


— - a — K-Vw - 

6 


6 


3a + 4 u 


2s + 1 


3 KP12 


6 


3S + 4 K- 


2s + 1 


2 Kp 2 2 


2 



12 ; df>ii 2 

2s + l s \ 3 

K2P1 -p. — Kxp 2 - -K 12 u - 



6 6 / 9pi22 



+ I (S + 3) 51^222 + P1222 - ' ^ A> 2 2 - — ' " ^2P2 - 7^22" 



3p222 



and 



<9 2 = 3 2 + (sg 2 u+p 2 ) + (( s + !).92Pi +P12 + 7} Ku ) 7^7 + (0 + 1)52P2 +P22) 7^ 

^ 3s + 4 T ^ s r ^ ^\ 3 
+ (s + 2) 32P11 + P112 H 5 — Api + o 



3 " 3 J 3 Pll 

(, m 3s + 4^ s^ \ a 
+ I (s + 2)g 2 p\2 +P122 H g — A\p 2 + g^2« ) 7777- 

+ ((s + 2) .g 2 P22 + P222) a 

3p22 

(t ox 3s + 4^ 2s + !^ s ^ \ 9 

+ I (s + 3) 52P111 + P1112 H 7; — Apn H — Aipi + -Anti I 7777- 



111 



3s + 4 „ 2 s ~\~ 1 2 s I 1 s ^ \ 9 

+ \{s + 3) 52P112 + P1122 H 5 — Kp 12 H — A 2 f>i H — K Y p2 + -K 12 u 



3 6 6 6 / 9pn2 

3s + 4 T ^ 2s + 1 T ^ s ^ \ 9 
+ (s + 3) 32P122 +P1222 H 7^ — ^22 H 7, — A^2P2 + 777 K 22 u 



6 ' " 6 12 J 3pi22 



3 

+ ((s + 3) 32P222 + P2222) 7^ h • ■ 

OP222 



We shall denote by 

Si (h) = 3i(h) - wgih 



the covariant derivatives of a function /i of weight w on the jet space JJ r (s) and 
call it the total covariant derivative of h along As earlier, we shall denote 
the symmetrized total derivatives by S^...^. 
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In these notations, the linearization of a function h of weight w on J r (s) (cf. 
[Tl) and has the form 

(ii. ..ii ) 

and the Mayer bracket (see JS]) of functions / and g of weights wi and w 2 
defined correspondingly on J™ (s) and J m (s) has the form 

Qn j ^ gm j ^ 



7 The Mayer Bracket and the First Obstruction 
for Linearizability 

Let us rewrite equations i|34fl symbolically. The functions on J 2 (1) , that corre- 
spond to these equations, are 

h = P11 - 2pi2 - upx + 2up 2 + Kt, 
h = P22 - 2pi2 - 2upx + up 2 + K 2 . 

Equations (|35[) are compatible if and only if the Mayer bracket of I\ and 1 2 
vanishes (see |TS])- In our case, 

h 2 = [h,h] = S n (I 2 ) - S 22 (h) + 2S 12 (1 1 - I 2 ) 

or 

Il2 = U (-2pm + 3pn2 + 3pi22 - 2^222) 

+3 (j> 2 - 2pi) pu + 6 (pi + p 2 ) P12 + 3 (pi - 2p 2 ) P22 + 8K(pn - p 12 + p 22 ) 
+3(2^ - K 2 )p x + 3(2X 2 - K x )p 2 + u (K n - K 12 + K22) 
+3{K lX2 -K l22 ). 

Solving the first prolongation of the system 

h(h) = 0, ? 3 (/i) = 0, 
81(h) = 0, ? a (ia) = 

with respect to Pm, P112, P122 and P222 and substituting the result into h 2 , we 
get 

I 12 = 2AK Pl2 + 6(2Jfi - K 2 ) P i + 6(2^2 - K x )p 2 + 2AKu { Pl - p 2 ) 

+3u {K n - K X2 + K22) - 8K {K x + K 2 ) + 3 (K n2 - K 122 ) - 3Ku 3 . 

Note that 

T (I12) = Il2- 
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Solving the equations 

h = o, h = 0, hi = o 

with respect to pij , we obtain 

12K Pll = 3Ku 3 + 12Kup! + 6(K 2 - 2K x )px +6(Ki -2K 2 )p 2 

-3u (K n - K 12 + K 22 ) + 3 (#122 - #112) + 4K(2K 2 - K x ), 

\2K V22 = 3Ku* + 12Kup 2 + &{K 2 -2K 1 )p 1 +S{K 1 -2K 2 )p 2 

-3u (K n - K 12 + K 22 ) + 3 (#122 - #112) + 4K(2Kt - K 2 ), 

24K Pl2 = 3Ku 3 + 24Ku(p 2 - Pl ) + 6(K 2 - 2K 1 )p l + &{K X - 2K 2 )p 2 
-3u (K n - K 12 + K 22 ) + 3 (K 122 - K 112 ) + %K{K X + K 2 ). 

(38) 

The expressions for the symmetric covariant derivatives of the curvature function 
K are given in section 10.1. 

We write down the above equations in the form 

P11 = Pn (u,Pi,p 2 ,K) , 
P12 = P12 (u,p 1 ,p 2 ,K) , 
P22 = P22 {u,px,p 2 ,K) . 

In order to find their compatibility, first, taking s = 1, we derive from (I37|) that 

S 2 5n - Si6i 2 
S 2 6i 2 — 5i6 22 
It follows that the equations 

MP u )-?i (P12) 

h{Pl2)~\ (P 22 ) 

are the compatibility conditions for (|38|l . 

Let us denote by G\ and G 2 the left-hand sides of the above equations into 
which the values of p^ taken from l|38|l are substituted. 

These functions are polynomials in pi and u of the form 

Gi = (p\ - 2 P ip 2 ) + A nP i + A 12 p 2 + Axo, 
G 2 = (p\ - 2 P ip 2 ) + A 2lP i + A 22 p 2 + A 20 , 

where all coefficients are functions of the curvature K and its covariant deriva- 



U 

= 2 A5l + 2^' 

5 , 1 
= 2^ 2+ 2^ 

-^K Pl -±K lU = 0, 

5 1 
-~Kp 2 -~K 2 u = 
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tives up to order four: 

5u 2 3u(K 1 -K 2 ) 13X 7(K 1 - 2K 2 ){2K 1 - K 2 ) 



An 
Aw 



8 4X A 16X 2 

7(5Kn + 5X 22 - HX12) 
8X 

5u 2 3uXi 7(Xi-2X 2 ) 2 5X 12 - 2X n - 5X 2 



4 4X 16K 2 AK 

9u 3 (Xi-2X 2 ) ( 5Xi 21(2X 2 -X 1 )(Xn -X 12 +X 22 ) 



+ 



96X ' V 2 96X 2 

u(K ln - 2X222 - 3X 112 + 3X 122 ) , 9(2X22 - 2X 12 - K u ) 



and 

because 



8X 16 
21(2X2 ~X 1 )(X 122 -X 112 ) 17(2X 2 2 - 2XiX 2 - Xf) 

96X 2 48X 
2X 122 2 - 3X 1122 + X 1112 
8X 

A 2 i = t {A 12 ) , A 22 = -t (A u ) ,A 2Q =t (A w ) 
t{G 1 )=G 2 . 



The following theorem outlines the successive steps in the investigation of 
solvability for main equations (|21|l . 

Theorem 7.1 

1. Differential equations \21\ are solvable with respect to the functions X\ 
and X 2 if and only if the function ^1 satisfies differential equations (|ff<5[) . 

2. For the system of differential equations (|ff5|) be solvable, one needs to add 
the compatibility condition 7 12 = to this system. 

3. The compatibility conditions for the resulting system Ijff&l) have the form 

Gi = 0, G 2 = 0. (39) 

8 The Second Obstruction for Linearizability 

In this section, we investigate the solvability of the system of equations l|38[l and 
<|39|) . To this end, we differentiate the left-hand sides of (|39|l . 



G11 



h (Gi) , G{ 2 = \ (d\ (G 2 ) + 5 2 (Gi)) , 



G 22 = ^(G 2 ),G; 2 = i(,> l (G L .)-^(G l i 
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and substitute the second covariant derivatives taken from l|38[) into the result 
of differentiation. 

Finally, we arrive at the system 

d = 0, G 2 = 0, Gn = 0, G{ 2 = 0, G? 2 = 0, G 22 = 0, (40) 

which is equivalent to system l(3"% )l -l|3"§ ll . 

By the construction, we get the symmetry 

t(Gii) = G 2 2, t (Gf 2 ) = Gf 2 , t(G* 2 ) = —Gi2, t(G 22 ) = Gh. 
In the coordinates, these functions have the form 

n (Ki+K 2 ) 2 7K X -%K 2 2K 2 -K X 2 

Gl1 = 4^ Pl + AK P1P2 + — — p2 

. . . 5u_, 

+-4 m Pi + -A112 p 2 + Alio + ~^G\, 

8Ki - 7K 2 2 ifr+jfr 7gi - 8K 2 2 
Gl2 = 8^ Pl + ^i^ PlP2 8i^ P2 

AAA y-f ^ y 

+A X 2xpi + A122P2 + M20 + — Gi - ^-G 2 , 
39 

GI2 = ~^upiP2 + B l2 iPi + B 122 p 2 + B 120 



13 3K 2 



2K X -K 2 2 , 7K 2 -%K l K x + K 2 2 

+A 22i pi + A 2 22 Pi + ^220 ~£~G2, 



where 



3 o 3 (7Ki - 12K 2 ) 2 

Am = — u A —u 2 H , 

111 32 32K 

. 3 q 3Xi O 

An2 = iT H w 2 H . 

16 16 

. 3{K X -2K 2 ) 4 33^(2X2-^) 3 3(2K 12 -K 11 ) 3 

^4. iin — W H r; li H W 

128if 128X 2 16X 



and 



3 3 3(5^2-148:0 2 

A121 = it 3 + — —u 2 + ■■■ , 

32 64if 

3 3 3(14^2-5^1) 2 
^122 = U + — K - - -±U 2 H , 

122 64 1 28JT 

3 (i^i + Kg) 4 33 (if 2 - if 2 ) 3 3(K 2 2-K n ) 2 
Al20 ~ 128* " + 128iP " + ml U 



(41) 
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and 

u 2 



u 2 



B\21 


195 3 9 (9^2-5^1) 
16 U + 8K 


B\22 


195 , 9(9^1-5^2) 
= 16 U + 8K 


Bl20 


32 64K 


Mil = —r 


(A ni ), A221 = -r(Am), A 



Moreover, 

I220 = t (^4iio) ■ 

The detailed expressions for these coefficients can be found in Section 10.2. 
Summarizing, we get the following system of first-order PDEs on the function 

fi: 

G x = 0, G 2 = 0, G n = 0, G s 12 = 0, G a 12 = 0, G 22 = 0, (42) 

which is equivalent to system 135(1. 

We remark that this system is symmetric with respect to the involution r. 

Next we note that equations (|42|l contain only linear combinations of the 
functions p\, p%, p 2 , P1P2, p\ with coefficients depending on u, K and the co- 
variant derivatives of K up to order five. 

We solve the equations G\ = 0, G" 2 = 0, G2 = with respect to p\, P1P2, p\- 

The determinant of the system is equal to 39u/4. 

Note that \i = implies K\ = K2 = due to 1351) . and it is impossible for 
nonparallclizable 3- webs. 

Indeed, if K 1= K 2 = 0, then d x (K) = d x (K) = 2HK, and 

= H (d 2 - di) (K) = [d u d 2 ] (K) = 2K (dx (H) - d 2 (H)) = -IK 2 . 

Solving the equations G\ = 0, GJ 2 = 0, G2 = with respect to p\ , P1P2, P 2 , 
we get the expressions for piPj in the form of linear combinations of pi and p2- 

Substituting these expressions into the system Gn = 0, G22 = and solving 
the resulting system of linear equations with respect to p\ and p 2 , we find that 

Vi V 2 

Pi = TT, P2 = TT, 

where V\ and V2 are polynomials of degree eight with respect to u, and their 
coefficients depend on the curvature function K and its covariant derivatives up 
to order five. The leading terms of V\ and V2 are 

Vx = -^KK lU s + ^[7(K 2 + 2K 1 K 2 -2Kl) + 13K(-K 11 ~2K 12 + 2K22)]u 

V 2 = -^KK2U & + ^ Fo [7(2K 2 ~2K l K2~K 2 ) + im(K22 + 2K l 2-2K ll )]u 7 
and the denominator Vq is the seven-degree polynomial (see section 10.3) 

V = -^-K 2 u 7 + |J [15(K 2 - K X K 2 + K 2 ) + 13K(K n - K 12 + K 22 )}u 5 + ■■■ 
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As we have seen, the functions PiPj are linear combinations of p\ and p2 ■ Sub- 
stituting the above expressions for pi and p 2 into the expressions for PiPj, we 
get 

2 Vu Vl2 2 Vl2 

Pl = W PlP2 = W P2 = w 

where Vij are polynomials of degree 11 with respect to u and their coefficients 
depend on the curvature function K and its covariant derivatives up to order 
five. The leading terms of Vij are 

Q2 

+ 2io [35K? + 412^x^2 - 412X 2 2 + 20X(-16X n - 23K 12 + 23K 22 )]u 9 + 

Vu = h -^K^ + ^K(K 2 - Kl )u™ 
3 2 

+ — [206(X 2 - Kl) + 653^1^2 + 10^(23^11 - IQIK 12 + 23K 22 )}u 9 + ■ ■ 
32 

- — [412X2 _ A12Kl K 2 - ZhK\ + 20X (-23^11 + 23X12 + l6K 22 )}u 9 + 

Note that the equation G\ 2 = holds automatically. 
The resulting system 

Vx V 2 

Pl = V P2 = v 



2 Vu V12 2 ^22 

Pl = W P1P2 = W P2= n 



(43) 



is T-symmetric: 



t (Vb) = -v , t (Fi) = v 2 , r (y 2 ) = y l7 

r(V n ) = -V22, t(V 12 ) = -V 12 , t{V 22 ) = -V 11 . 

This system gives us the following polynomial equations on u: 

V V u - V* = 0, V V 22 - V 2 2 = 0, V Vn -V 1 V 2 = 0. (44) 

Let us denote the left-hand sides of the above equations by Qij and Q a and Q s 
symmetrizations of Qu and Q 2 2- We consider the polynomials 

2Q a = Qn + Q 22 = V {Vu-V^-V? + V 2 \ 
2Q S = Qii-Q 2 2 = V (V n +V 22 ) -Vf-Vi 
Q12 = V V 12 - VxV 2 . 
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The degree of each of the polynomials Q s and Q\ 2 equals 18 while the degree 
of Q a does not exceed 17: 

Q a = ^- R3 (*! + ^2) m 17 - ^^[973 (Kl - Kl) + 1690X (K 22 - tf u )] u 16 



2 
3 5 



^ 2 [-3337(X 2 + Kl) + 6256ifi^ 2 + 130X (K u - 40ifi 2 + K 22 )} 



,16 



65 -3 6 „„ 1S 13 -3 9 



!12 = 



2 16 - 2 16 
243 
2 



^-[X 2 (-1564(K 2 + X 2 ) + 4483XiX 2 + Q5K(WK n - 49K 12 + WK 22 )} 



In order to complete integration of system l|43|l , we differentiate one of equa- 
tions (|4~4f) . say, the first one, 

——p 1 +5 1 (Q a ) = 0, 

du ( 45) 

9Qa ~7k (r\ \ n 

-g—P2+S 2 (Qa) = 0, 

where 6f are the total derivatives relative to K (see 10.4 for the expressions of 



? = K 2 ^- + (K 12 + K 2 )^-+K 2 (> 



Substituting the covariant derivatives pi and p 2 taken from the first two 
equations of into (@5|, we get the new system of polynomial equations on 



dQ a , T - 



fl + V .5f (Q„) = 0, 



du 

V 2 + Vo ^ (Qa) 



The polynomials 



Ox = + V 5* (Qa) 

02 = ^V 2 +V S« (Q a ) 



and 
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are of degree 24, and their coefficients depend on the curvature function K and 
its covariant derivatives up to order six: 



Q 



Q 



2 



131 -65 -3' 

223 

131 ■ 65- 3' 

223 



K 5 K lU 2i + ■■■ 



K 5 K 2 u 2i + ■■■ 



The next result follows from the above consideration and is basic for finding 
linearizability conditions for 3- webs. 

Theorem 8.1 Let W be a nonparallelizable 3-web. Then the smooth solvability 
of the system of nonlinear partial differential equations 



is equivalent to the existence of real and smooth solutions of the following system 
of algebraic equations: 



In 1912 Gronwall (|13p made the following conjecture: if a nonparallelizable 
3-web W3 in the plane is linearizable, then, up to a projective transformation, a 
diffeomorphism transforming W3 into a linear 3-web, is uniquely determined. 

Bol (0,0, 1938) and Boruvka (0, 1938) proved that the number of projec- 
tively noncquivalent linearizations of a nonparallelizable linearizable 3-web does 
not exceed 16. Vaona ([201, 1961) reduced this number to 11. Grifonc, Muzsnay 
and Saab (|I2]> 2001) proved that this number does not exceed 15. 

The above theorem implies the following result. 

Corollary 8.2 Let W be a nonparallelizable, linearizable 3-web. Then the num- 
ber of projectively nonequivalent linearizations of such a web does not exceed 15. 

Proof. Observe, that if fj, satisfies the system I\ (fi) = 0, I2 (p) = 0, then system 
l(2"T|) is completely integrable, and its solutions (Ai, A2) are determined by values 
Ai (qso) and A2 (ao) at some fixed point a e M. Moreover, it is easy to check that 
the projective transformations act transitively on the set of (Ai (a ) , A 2 (ao)) ■ 
So, up to a projective transformation, the values (Ai (ao) , A2 (ao)) are nonessen- 
tial. 

As we showed earlier, the polynomials Q ai Q s and Q12 are of degrees 
17, 18, and 18, and each of the polynomials Q\ and Q2 is of degree 24. Hence, 
there is a linear combination L of Q s and Q12 having degree < 17, and there is 
a linear combination S of Q a and L having degree < 16. 

In fact, we can take as L the polynomial 



h (m) - 0, h in) = 



Q 



a — 



0, Q s = 0, Qi2=0, Qi=0, Q 2 = 0. 



L = 



Q s - 2Q 12 = —^K 3 (K 2 - Xi)u 



+—K 2 [973{4K 1 K 2 - K\ - K 2 ) + 1690X(ifn - 4K 12 + K 2 2)}u w + ■■■ 
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If K2 — K\ ^ and K\ + K2 7^ 0, then as S we can take the polynomial 

S = (Ki + K 2 )L - 3(K 2 - K\)Q a 
36 

= _X 2 [_1946(X 1 3 + Kl) + 2919K 1 K 2 (K 1 + K 2 ) + 1690K(2K 1 - K 2 )K 11 

-3380^(^1 + ^2)^12 + 1690-ftT (2X 2 - K 1 )K 22 }u 16 + ■■■ 

If K2 — K\ = (or K\ + K2 — 0), then the polynomial L (resp. Q a ) is already 
of degree 16. 

Thus the polynomials Q a , Q s , Q12 and Q%, Q2 can have at most 16 common 
roots. One of these roots gives \x for the 3-web under consideration. Therefore, 
the number of projectively nonequivalent linearizations of the web W does not 
exceed 15. ■ 

Remark. In the paper .1, we have proved that /j, is uniquely determined by 
the basic invariant of linearizable d-webs, if d > 4. The above proof shows that 
the Gronwall conjecture is correct for such webs. Namely, up to a projective 
transformation, for linearizable G?-webs, d > 4, there exists a unique lineariza- 
tion. 

9 Differential Invariants for Linearizability and 
the Blaschke Conjecture 

In this section we consider the case of nonparallelizable, linearizable 3- webs. We 
will need some new algebraic constructions. 

9.1 Resultant and Its Generalizations 

Let T, Si, S n be polynomials over an algebraically closed field F, T, Si, S n £ 
V[u], and charF = 0. Denote by R(/, g) the resultant of polynomials / and g. 
Recall that R(/, g) as a function in g given / is homogeneous of degree deg /. 
Hence R(T, x\S\ + X2S2 + • • • + x n S n ) is a homogeneous polynomial of degree 
degT in x\, ...,x n : 

n 

R(T,J2xiSi) = ^VR CT (T, Si,...,S n ), 

i—l (J 

where a runs over all multi-indices of the length degT,i.e., 

n 

R(T, S ' XiSi) = x^ x^ ...a;j*Rj 1 j 2 ,.4 n (T, Si, S n ). 

i=l 

We call the coefficients Rcr(T, Si, S n ) (generalized) resultants of the system 
of polynomials T, Si, S n . 

Theorem 9.1 The polynomials T, Si, S n have a common root if and only if 
all resultants R CT (T, Si, S n ) are equal to zero. 
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Proof. To illustrate the idea of the proof and to avoid unnecessary technical- 
ities, we consider only the case n — 2. Assume also that the leading coefficient 
of T is equal to f . 

Let Ai, .., Xt be roots of T, and t = degT. Then 

t t 
R(T, ziSi + x 2 S 2 ) = [] {xiSi (A,) + x 2 S 2 (A,)) = £ x?x 2 - Q R M _ Q (T, 5 X , S 2 ), 

i=l a=0 

where R t , (T, Si, S , 2 ) = R(T, Si), R ,t(T, Si, S 2 ) = R(T,5 2 ), and for 1 < a < 
t — I , we get 

(T, Si, S 2 ) = Y,Si (A,J • • • Si (A, J S 2 (A*) • • • S 2 (A it _J . 
/ 

Here we have denoted by (ji, jt- a ) the multi-index complementary to I — 
(ii, ...,i ) . 

First, let T, 5i and S* 2 have a common root. Then the polynomials T and 
X\S\ +x 2 S 2 have a common root for all x\,x 2 , and therefore R ajt _ a (T, Si, S 2 ) = 
for all a. Conversely, let R a , t _ (T, Si, S 2 ) = for all a. Then R(T,Si) = 
Kt fi (T,Si,S 2 ) = 0, R(T,5 2 j = Ro,t(T,Si,S 2 ) = 0, and therefore T and 
5*i have a common root, say v, and T and have a common root, say \x. 
Assume that they have no more common roots, and consider, for example, 

Ri,t-i(r, Si, s 2 ). 

One has 

Ri^i(T,Si,S 2 ) = Si (/x) • S 2 (u) ■ S 2 (X n ) ■ ... • S 2 (A it _ 3 ) = 0, 

where (Ai, .., Af) — vU fiU (Ai, .., \t— 2 ) is the disjoint union. 

Hence, either Si (/i) = or S 2 (v) — 0, and therefore T, 5i and S 2 have a 
common root. 

In the case when the polynomials have common roots of multiplicity two or 
higher, Ri, t _i(T, S x , S 2 ) = Ri_ t| i(T, Si,S 2 ) = 0, and vanishing of R 2 , t _ 2 (T, S U S 2 ) 
shows that T, Si and S 2 have a common root, etc. ■ 

Remark. The number of resultants TH a (T, Si, S n ) equals the dimension 
of homogeneous polynomials of degree t = deg T in n variables, and therefore 
equals 

rr> 

9.2 Differential Invariants for Linearizability 

As we have seen earlier, the solvability of the system of differential equations Q35|l 
is equivalent to the existence of real roots of the system of algebraic equations 

Q a = 0, Qs = 0, Qi 2 = 0, Qi = 0, Q 2 = 0. (46) 

We apply the above theorem and get the following result. 
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Theorem 9.2 Let W be a nonparallelizable 3-web. If the 3-web W is lineariz- 
able, then the following differential invariants 

R-iii 2 i 3 i4 {Qa, Qs, Ql2, Ql, Q2) 

vanish, and algebraic system \4b\ has at least one real smooth solution. 

Conversely, if the differential invariants vanish and algebraic system \^b\ 
has at least one real smooth solution, then the 3-web is linearizable. 

Note that all the differential invariants depend on the curvature function K 
and its covariant derivatives up to order six, but Ri 1 i a i 3 i 1 {Qa, Qs, Q12, Qi, Q2) 
with «3 = «4 = depend on the curvature function K and its covariant deriva- 
tives up to order five. Since for a nonparallelizable 3-web, we have deg Q a = 17, 
the total number of invariants equals 1040 = ( 4+ ^ _1 ), and among them there 
are 18 = ( 2+ ^ _1 ) invariants of order five in K. In terms of the web function 
/ (x, y) , the corresponding orders are nine and eight. 

Note also that the number of invariants is not invariant: it depends which 
of the polynomials Q a , Q Sl Q12, Qi, Q2 we take as the first one. In our consider- 
ations we took the polynomial Q a of the least degree 17 as the first polynomial. 
Moreover, the number of invariants can be reduced if we find a linear combi- 
nation of the above five polynomials whose degree is less than 17, replace one 
of five polynomials by this linear combination and take this combination as the 
first polynomial (see our earlier considerations where we found a polynomial of 
degree not exceeding 16). 

Remark. In the book 4 (§17) Blaschke made the following conjecture: The 
linearizability conditions for a nonparallelizable 3-web are expressed in terms of 
the web function / (x, y) and its covariant derivatives up to order nine, and the 
table in §17 shows that the number of differential invariants equals four. As we 
have seen, Blaschke's estimate of the "functional codimension" of the orbits of 
the linearizable 3-webs was correct while the number of algebraic conditions is 
much greater than four. Moreover, not all linearizability invariants are of order 
nine: eighteen of them are of order eight. 

To find out whether algebraic system (|46[) has real solutions, we consider 
the greatest common divisor G = GCD[Q a , Q s , Q12, Qi, Q2] of the polynomials 

Qa, Qs, Ql2, Ql, Q2- 

The following theorem, which is important when one is testing a 3-web for 
linearizability, is obvious. 

Theorem 9.3 7/degG =0, then there are no common solutions, and the 3-web 
is nonlinear izable. 7/degG >1, but G has no real roots, then the 3-web is also 
nonlinearizable. In the case when deg G =1, or deg G > 1 but G has a real root, 
a 3-web is linearizable. 

Note that in the latter case, the number of real roots can give us an improve- 
ment of our estimate of the Gronwall conjecture: if the number of real roots 
of G equals s, then the number of projectively nonequivalent linearizations of 
a nonparallelizable, nonexceptional linearizable 3-web W does not exceed s. If 
s < 15, then this will be an improvement of our estimate. 
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9.3 Linear 3- Webs 



To test our systems of equations and the differential invariants, we consider 
them for linear 3-webs. 

Let us assume that the web function f(x, y) defines a linear 3-web, and let 
d s t be the covariant differential of the flat connection in coordinates x and y. 

Then d st (a dx) = dx <g> da and d st (a dy) = dy ® da. Therefore, 

df df 

dst (Wl) = UJl ® -7^, 4t (W 2 ) = W2 ® -p, 
/x Jy 

and the affinc deformation tensor T = d y — d st between the Chern and the flat 
connections equals to 

I 



Therefore, for linear 3-webs we have 
Ai = A 2 = 0, 

tt ( -fyy 

= 1^ " 1 7F " 

If we assume that / (x, y) is a solution of the Euler equation, i.e., f x = f f y , 
then we get 

f 



Moreover, in this case 



and the curvature function is 



zt _ ^ I /yy 

7 + 7T 



k = - 



/ay 



//r 

The first covariant derivatives of the curvature function arc 

1 " / ./'./;; ' 



x 2 = + 



and 
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Note that the covariant derivatives of the function fj, are 

*i (M) - 5 2 (fi) = K. 

One can check that equations (|21ll and 135( 1 have the common solution /i = 1 //, 
and the same is true for equations l(42|) . 

Moreover 1// is a common real root for algebraic system (14611 . 

9.4 Procedure for Applying the Linearizability Criterion 

Now we can outline a procedure which can be applied to determine whether a 
3-web W3 given by a web function z — f(x,y) is linearizable: 

1. Compute the curvature K and its covariant derivatives up to order five 
(see formula © and formulas in Section 10.1). 

2. Compute Ay, Ay^ and Byfc, i,j, k — 0,1,2 (see formulas in Sections 8 
and 10.2). 

3. Compute the polynomial Vb (see Sections 8 and 10.3). 

4. Compute the polynomials Vij, Vi and Q a , Q s , Q12, Qi, Qi (see Sections 8 
and 10.3). 

5. Compute G = GCD[Q a , Q Sl Q12, Qi, Q2] and apply the linearizability 
condition outlined in Theorem 9.3. 

9.5 Examples 

Example 6 We consider the 3-web in the plane with the web function 

f(x,y) = x 2 +xy + y 2 . 

For this web we have: 

1 R = 6(x 2 - y 2 ) 

{2x + y)(x + 2yY (2x + y) 3 {x + 2y) 3 ' 

6(4x 3 + 3x 2 y - 12xy 2 - 13y 3 ) 
(2x + y) 5 (x + 2y) i ' 
6(13cc 3 + 12x 2 y - 3xy 2 - 4y 3 ) 

{2x + yY{x + 2yf ' '"' 



H = 
K x = 
K 2 = 
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and 



^ a ~ 2 12 (2x + 2/ ) 14 (x + 2 2/ ) 14 M + " 

65 ■ 3 10 (^ 2 - y 2 ) 4 18 



2 11 (2x + y) 12 (x + 2 2 /) 12 ' 
65 ■3'°^-^ ,18 , 



01 ^|(^ • (5700^ + 13577^- 2480x3^ 



37710xV - 44660xy 4 - 18343t/ 5 )M 24 + 
+2480xV - I3577xy 4 - 5700y ! > 24 



Evaluating the polynomials Q a , Q s , Q\ 2 and Qi, Q 2 at the point (0.1, 1), we 
find that 

F a = Q„(0.1,l) = 0.204819m 17 + 
F s = Q s (0.1,l) = -0.0274492/ 8 + 
F 12 = Qi 2 (0.1,l) = -0.0137246m 18 + 
Fi = Qi (0.1,1) = -3.94038^ 24 + 
F 2 = Qi (0.1,1) = -0.678834/ 4 + ... 
We calculate now the resultant of the polynomials F a and F i2 : 
B.(F a ,F 12 ) = -1.046- 10 185 ^ 0. 

Since the resultant of F a and F 12 does not vanish, the polynomials Q a and Q\ 2 (and 
therefore the polynomials Q a , Q s ,Qi 2 , Qi, Q 2 ) have no common roots, and as a 
result, the 3-web under consideration is not linearizable. 

Remark. Note that even if the resultants of all pairs of the polynomials 
Qa, Qs, Q\2, Qi, Q2 were vanished, we could not make any conclusion — the fur- 
ther investigation involving the generalized resultants or finding the greatest 
common divisor G = GCD[Q a , Q s , Qi 2 ,Qi,Q 2 ] would be necessary to answer 
the question whether the 3-web under consideration is linearizable or not lin- 
earizable. 

Example 7 We consider the 3-web in the plane with the web function 

f(x,y) = {x + y)e- x 

(see Example 5). 
For this web we have: 

x + y — 1 ' (1 — x — y) 3 ' 

3 3x pix 
Kl = — TTT, K 2 



(x + y-1) 5 ' {x + y- l) 4 ''"' 
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and 



_ 13-3 9 e te (2: + y-4) 17 



2 17 (:r + y- l) 12 

65 ■ 3 6 e 8a: 
2 15 {x + y- l) 12 ' 



65 • 3 6 e 8a; 



Ql2 — ~7Tl67 1 TU2^ 18 + ---' 

2 iD (x + y — 1) 
13-3 12 e 14a; (829a; + 829y- 3472) 24 



41 • 31 • 11 • 3 • 2 3 (x + y- l) 22 
13-3 12 e 14a; (259a; + 259y- 1192) 24 
^ 2 ~ 41-31-ll-3-2 3 (x + y-l) 21 M + "' 

Evaluating the polynomials Q a , Qs, Q12 and Qi, Q 2 at the point (0,0.1), we 
find that 



F a 


= Q o (0,0.1) = 


-33.2808^ 17 + 


F s 


= Q s (0,0.1) = 


-5.12013,u 18 + 


F\2 


= Q 12 (0,0.1) = 


= -2.56006m 18 4 




= Qi (0,0.1) = 


-7085.94^ 24 + 


F 2 


- Qi(0,0.1) = 


-2194.28^ 24 + 



We calculate now the resultant of the polynomials Fu and F 22 : 

R(F a ,F 12 ) = 1.23007 • 10 272 ^ 0. 

Since the resultant of F a and F\ 2 does not vanish, the polynomials Q a and Q 12 (and 
therefore the polynomials Q a , Q s ,Qi 2 , Qi, Qi) have no common roots, and as a 
result, the 3-web under consideration is not linearizable. 

10 Appendix. Computational Formulae 

10.1 Symmetrized Covariant Derivatives of the Curvature 

K 12 = S, (K 2 )+K 2 . 



K ll2 = M#i 2 ) + gA-*!; 

^122 = Si (k 22 ) + y kk *- 
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#1112 = Si (#112) + ^##11 + Ik%; 

b 

An 22 = <5i (#122) + y##i 2 + jj#i# 2 ; 

, , , s 11 5 , 

#1222 = Si (X 222 ) + —KK 22 + -K£. 



#11112 = M#iii 2 ) + §(##m + #i#ii); 

#11122 = S 1 (K 1122 )+ 7 -(3KK 112 + K 2 K 11 + 2K 1 K 12 ); 

5 

#11222 = <5l (#1222) + ^ (3X^122 + #1#22 + 2if 2 #12) 

42 

#12222 = Si (K 2222 ) + — (KK 222 + K 2 K 22 ) . 



12 14 7 

#111112 = Si (X m i 2 ) + —KKun + — #i#ui + 7#n; 

ODD 

#111122 - Si (X m22 ) + \ (24XX 1U2 + 7K 2 K m + 21X 1 X 112 + 14#i 2 #u) ; 

5 



#111222 — Si (#11222) 



-i (36XXii 22 + 21XiXi 22 + 21X 2 #ii2 + 7KnK 22 + UKf 



2 2 ); 



2 

#1 12222 = Si (Ki 2222 ) + — (24XX1222 + 7X1X222 + 2IX2X122 + WX12X22) ; 

5 

X122222 = Si (X22222) + 12XX 222 2 + 14X 2 X 22 2 + 7X| 2 . 



10.2 Coefficients and B^ k in ( 14 1|) 

Here we give the expressions of the coefficients and Bijk in formulas 1411 for Gn , Gf 2 ) GJ 2 ; an d G22 (see 
Section 8): 



Am = 

3m 3 3(-7Xi + 12X 2 )u 2 145Xu (26K* - 95XiX 2 - 10Xf) it 
~32~ H 32X H 16 ' 64X 2 

(13Xn - 43X i2 + 13X 22 ) « 1 



(-179Xi - 62X 2 ) 
32X 48 ^ ; 

77Xi (2X 2 - 5X1X2 + 2Xf ) | X 2 (45Xii - 4IX12 + 7X22) 



64X 3 16X 2 
Xi (95Xn - 145X 12 + 27X 22 ) 3Xm - 8X112 + 5X122 - X222 
32X 2 + 4X 
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Ali2 = 

3m 3 3Xm 2 (53X| - 20K 1 K 2 + 20X|) u (2Xn + 13K 12 - 13X 22 ) u 

~16~ + 16X H 64X 2 16X 

31 , ts ^ \ 77Xi (Ki -2K 2 f 17K 2 (Xn - 2X 12 ) 
--(^-2X 2 ) — — 

gi(25gii -54Ki2+ 20X 22 ) _ 2A-iii - 7Xn 2 + 7Xi 22 . 

16X 2 4X ' 



3 (Xi - 2X 2 ) m 4 _ 33Xi (Ki - 2X 2 )« 3 3(Xn -2Xi 2 )« 3 

128K 128K 2 ' 16X 

23X 2 (Xn - K 12 +K 22 )u 2 23Xi (16X 2 + K L1 - X i2 + X 22 ) u 2 

64X 2 + 128K 2 

5 (if 111 - 3A-ii2 + 3Xi 22 - 2X222) u 2 31 
^ — (Xn +2X i2 -2X 22 )« 

77Xi (Xi - 2X2) (Xn - X12 + X22) u _ 5 (X11 - 2Xi 2 ) (JsTn - Jfi2 + X 22 ) u 

128X 3 16X 2 
X 2 (28Xm - 51X110 4- 51Xioo1u 21X? - 198Xi Ko + 198X? 



64X 2 64X 
Xi (-44JCiii + 99Xn 2 - 99X i2 2 + 32X222) u 
128^2 

8X1111 - 34Xill2 + 54Xil22 - 36Xi222 , 11 



64X 3 
17Xi (llX 2 - 2OX1X2 + 20X|) 353X2 (Xn - 2X i2 ) 



X(Xj -2X 2 ) 



+ 



192X 2 480X 
Xi (-907Xii + 398Xi2 - 1104X22) _ 5 (Xn - 2X12) (X112 - X122) 
960X 16X2 



77Xi (Xi- 2X2) (XH2-X122) 33 
+ l2iiP -(X111-X112 + X122) 

7X 2 (Xiii2 -X1122) Xi (-IIX1112 + 19^1122 - 8Xi 222 ) 

16X 2 32X 2 
X11112 — 3X11122 4- 2X11222 
+ 8X ; 



-4221 = 

3« 3 3X 2 « 2 20X 2 - 20XiX 2 + 53X 2 13X n - 13Xi 2 - 2X 22 

1 7, -u H u 

16 16X 64X 2 16X 

31 77X2 (-2Xi +X 2 ) 2 17Xi (-2X12 + X22) 
--(-2X 1+ X 2 ) + ^3 + — 2 

X 2 (20Xn - 54Xi2 + 25X22) 7Xn2 - 7X122 + 2X222 . 
16X 2 + 4X 
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-4222 = 

3« 3 3 (-12Xi + 7X 2 ) o 10X, 2 + 95XiX 2 - 26X 2 

1 u 1 7, —u 

32 32X 64X 2 

_ 145X« _ 13X^- 43X12 + 13X22 ^ J_ 

16 32X 48 

77X 2 (2X 2 - 5X!X 2 + 2X|) _ X! (7Xn - 41Xi 2 + 45X 22 ) 

64X 3 16X 2 

X 2 (27Xii - 145X 12 + 95X 22 ) X m - 5X n2 + 8X 122 - 3X 222 

+ 32X 2 + 4X ' 



-4220 = 

3 (-2Xi + X 2 )m 4 33X 2 (-2Xi + X 2 )u 3 6X 12 - 3X 22 3 

128X + 128X 2 + 16X " 

23X 2 m 2 23 (-2Xi + X 2 ) (Xn - Xi 2 + X 22 ) u 2 

8 H 128X 2 

5 (-2X111 +3X 112 -3Xi22 +X 222 )« 2 , 31. n _, , 
^ + ^ (2Xn - 2Xi2 - X 22 ) „ 

3 (66X 2 - 66X1 X 2 + 7X|) u 5 (2X i2 - X 22 ) (Xn - X12 + X 22 ) u 

64X 16X 2 

77X 2 (2Xi (X12 - X 22 ) + X 2 (Xn + X 22 )) u 7 2 ll 2 XiX|XiiXi 2 M 

128X 3 + 2 13 X 6 

Xi (51Xn2 - 51X i22 + 28X 222 ) u I8X1112 - 27Xu 22 + 17X i222 - 4X 22 22 

7 1 u 

UK 2 32X 

X 2 (-32X111 +99Xii2 -99Xi 22 + 44X 222 )m 11 

H 7, K (—2Xi + K21 

128X 2 3 

17X 2 (20X 2 - 20Xi X 2 + 11X 2 ) 353Xi (-2X12 + X 22 ) 

192X 2 ' 480X 

X 2 (1104Xn - 398Xi2 + 907X 22 ) 77 (2Xi - X 2 ) X 2 (X112 - X122) 

H 960X ' 128X 3 

5 (2Xi 2 Xn 2 - 2X12X122 + X 2 2Xi 22 ) 33 (X112 -X122 + X222) 

16X 2 40 

5X22X112 _ X 2 (8Xi„2 - 19X1122 + 11X1222) 14Xi (-X1122 +X1222) 

16X 2 32X 2 32X 2 

2Xni22 —3Xll222 + Xi2222 

+ 8X ; 



3u 3 3 (-14Xi + 5X 2 ) 2 145Xm 10X 2 -79X1X2 +61X 2 

A121 = 1 -u H 1 -1 

32 64X 16 64X 2 

13Xn + 17Xi2 - 17X22 77 (2X 3 - X 2 X 2 - 2Xi X 2 + X 3 ) 

H w H r, 

32X 64X 3 

+ i- (124Xi - 365X 2 ) + ^ 2 (^n+79Xi2-81X22) 
96 *• ; 64X 2 

Xi (-190Xii + 54Xi2 + 64X 22 ) 3Xm - X112 - 2X122 + X222 
64X 2 4X ' 
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3« 3 3 (-5Xj + 14X 2 ) u 2 145X« 61X 2 - 79KiK 2 + 10X 2 

Al22 = + 64X + — + UK* ' 

j -17Xn + 17X 12 + 13X 22 _ 77 (K? - 2K 2 K 2 - K X K 2 + 2X 3 ) 
+ 32K U 64AT 3 

+ L (_ 3 65Xi + 124X 2 ) - ^(32X 11+ 27^2 -95^22) 
96 V ; 32X 2 

K x (81Xn - 79X 12 - 55X 22 ) -X„i + 2^112 + ^122 - 3X 22 2 . 
64X 2 4X 



A120 = 

3jXi + K 2 )u 4 _ 33 (X 2 - X 2 ) u 3 3 (Kg - K 22 )u A 
128X 128X 1 1 Y&K 

, 23 ^ 2 23 (X 1 +X 2 )(X 11 -X 1 2 + X 2 2)« 2 

H Ai - K 2 )u 

S ' 128X 2 

5 (Km + X222) u 2 3 (33X 2 - 92X1X2 + 33X|) u 



32X 64X 
77(XfXn +X 2 Xi 2 ) 5929X 2 X|XnXi2« 31 



(Xn -4X12 +X 22 )« 



128X 3 16384X 6 64 

5 (Xn - X22) (Xn - X12 + X22) u 77 (X 2 -X 2 ) X 22 n 

16X 2 + 128X 3 

Xi (44Xm - 15Xn2 + 15Xi22 + 6X222) u 
128X 2 

, K 2 (6X111 + 15Xn2 - 15Xi22 + 44X222) , 4Xmi + X1112 - X1222 - 4X2222 

H s u H '' 

128X 2 32X 

11 , % 17(22X 3 - 53X 2 X2 + 53XiX 2 -22X 3 ) 
- y X(Xi + X 2) + ^^ L_ 2 51 

Xi (-1814Xii + 402Xi2 - 2OIIX22) X 2 (2011Xii - 402Xi2 + 1814X 22 ) 

H 1920X ' 1920X 

77(X 2 -X|) (X112-X122) _ 5(Xn -X22HX112 -X122) 

128X 3 16X 2 

33 X 2 (3Xiii2 + 19X1122 -22X1222) 

— — (Xin — 2X112 + 2X122 - X222) H „ , T ^ 

40 64X^ 

Xi (-22X1112 + 19Xii22 + 3X1222) X11112 - X11122 — X11222 + X12222 

64X 2 8X ' 



+ 



B121 = 

195u 3 9 (-5Xi +9X 2 ) u 2 169Xu 21 (26X 2 - 31XiX 2 + 9X|) u 

32~~ H 16X ' 16 ' 64X 2 

3 (65Xn - 75Xi2 + 3IX22) u _ 35X2 49 (2K'f - 3X 2 X 2 + 3XiX 2 - X 3 ) 

32X W H 32X 3 

Xi (-58Xn + 58X12 - 37X22) X 2 (29Xn - 50Xi 2 + 29X 22 ) 
+ 16X 2 + 16X 2 

6X111 - 9Xn2 + 9X122 - 3X222 
+ 8X 
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B\22 = 

195m 3 9 (9Xi - 5X 2 ) u 2 169X« _ 21 (9X 2 - 3IK1K2 + 26X|) u 
32 H 161? h "Hi 64X 2 

3(31Xn -75Xi 2 + 65X 22 ) u 35Xi _ 49 (Xg - 3X 2 X 2 + 3XiX 2 - 2X 3 ) 
+ 32X + 16 32X 3 

X 2 (37Xn - 58Xi 2 + 58X 22 ) Xi (29Xn - 50X i2 + 29X 22 ) 

16X2 H 16X 2 

3 (Km - 3^112 + 3^122 - 2X222) , 
8X 



u 



B120 = 

15^ 5 117 (-Xi + X 2 )m 4 _ 2l(X 2 -XiX 2 + X 2 ) u 3 
64 + 128X 64X 2 

+ ^ (Kl+ K2) u 2 + 273 (*i ~ *»> (*" - + * 22 ) " 2 
8 V ' 128X 2 

3 (26Xiii - 47Xn2 + 47Xi22 - 26X222) u 2 33X 2 m 

64X + 8 

221 (X 2 - X 2 ) u 351 , „ . 23(Xn -Xi2+X 22 ) 2 « 

H (-"."11 ~~ J\oo)U 

64X 64 V 7 64X 2 

7 2 (X 2 (X12 - X 22 ) - X 2 (X n + X 22 ) + X!X 2 (X n - X 12 + X 22 )) 

26X 3 

7 4 X 2 X 2 XnXi2 _ 7Xi (8Xm - 51Xn2 + 5IX122 - 4X222) 

^12^6 U 128^2 U 

7X 2 (-4X111 + 51X112 - 51X122 + 8X222) 

o U 

128X 2 

4Xim - 47Xin2 + 90Xn22 - 47X1222 + 4X2222 

H u 

32X 

119 (2X 3 - 3X 2 X 2 - 3Xi X 2 + 2X|) 191Xi (-2Xn + 2X12 + X 22 ) 
H 192X 2 ' 960X 

191X 2 (Xn +2X12 - 2X 22 ) 49 (X 2 - X1X2 + X 2 ) (X112 - X122) 
+ 960X + 64X 3 

^ 23(Xi 1 -X 1 2 + X22 ) (Xii2-Xi22) _ 33 _ 3Rii2 3Ri22 + 2R222) 

64K Z 80 
7 (Xi (2X1112 - 3Xn22 + X1222) X 2 (X1112 - 3X1122 + 2X1222) 

32X 2 32X 2 
X11112 — 2X11122 +2X11222 — X12222 
8X ' 

10.3 The Polynomials V; and 

Here we give the expressions of the polynomials Vo, V\, V2, Vu, V22, and V12 (see 
Section 8) in terms of .Ay, Ay/j, -B^fe, the curvature if and its first covariant 
derivatives K\ and K 2 . 
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-12 {Ki - 2K 2 ) (3Ki - K 2 ) A 21 B 122 

+12 (2^-j 2 - 7KjK 2 + 3Kl) (A 11 B 122 + A 22 B 121 - A 12 B 12 i) 
+39« (llfC 2 - 26K 1 K 2 + 11K$) (A U A 22 - A 12 A 21 ) 
+WK (-2K-L + K 2 ) (A111B122 - A 112 B 121 ) 
+1&K (Jfi - 2^2) (A222B121 - A221B122) 
+208KU - 2K 2 ) (A21A222 - A22A221) 
+20Wu (2K X - K 2 ) (A11A112 - A12A111) 

+b2Ku{Kx + A" 2 ) (A11A222 - A12A221 - A21A112 + A22A111) 
+208K 2 « (Am A222 - A112A221) ; 



Vi = 

12 (3/f 2 - 7^iftT 2 + 2K\) (A20B122 - A22B120) 

+12 (-2i^ 2 + 7ATi if 2 - 3iff ) (A10B122 - A12B120) 

-39u (HAT 2 - 26^1^2 + lltff) (A10A22 - Ai 2 A 20 ) 

+16X (JCi - 2fsT 2 ) (A220B122 - A222B120) 

+16X (2JCi - JC 2 ) (A110B122 - A112B120) 

-208Ku (Ki - 2K 2 ) (A20A222 - A22A220) 

-52Ku (K\ + K 2 ) (A10A222 - A12A220 - A20A112 + A22A110) 

-208Ku (2K X - K 2 ) (A10A112 - A12A110) 

-208ftT 2 « (A110A222 - A112A220) ; 



V 2 = 

-12 {ZK'( - 7X^2 + 2E- 2 2 ) (A20B121 - A21B120) 

-12 {2K'( - 7KjK 2 + 3K 2 2 ) (A11B120 - A10B121) 

+39u (llif 2 - 26K 1 K 2 + UKl) (A 10 A 2 i - A n i 20 ) 

-WK {Ki ~ 2K 2 ) (A220B121 - A221B120) 

-16JC {2K X - K 2 ) (A110B121 - A111B120) 

+20SKu (Ki - 2K 2 ) (A20A221 - A21A220) 

+52Ku (K-l + K 2 ) (A10A221 - A11A220 - A20A111 + A21 Ano) 

+208Ku [2Ki - K 2 ) (AioAm - AnAno) 

+208K 2 m (A110A221 - A111A220) ; 
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Vu = 

- (52X 2 - 124^1X2 + 64X|) (A10A21B122 - A11A20B122 - A10A22B121) 

- (52i^ 2 - 124^1^2 + 64^|) (A12A20B121 + A11A22B120 - A12A21B120) 

+ y K (Ki - 8K 2 ) (A10A221-B122 - A11A220B122 - A10A222-B121) 

+ Y K ( Kl ~~ 8K ' 2 ^ ( A 12^220-Bl21 + A11A222-B12O - A12A22I-B120) 

32 

+ — K (Ki + K 2 ) (A20A111-B122 — A21A110-B122 — A20A112-B121) 
32 

+ Y K ( Kl + K ^ ( A 22Aii Bi21 + A21A112B120 - A22A111B120) 
80 

— —K (2K! - K 2 ) (A10A111S122 - A11A110B122 - A10A112B121) 
80 

— -K (2K 1 - K 2 ) (+A12A110B121 + A11A112B120 - A12A111B120) 
128 

H — — -ftT (-FCi - 2_ftT 2 ) (A20A222B121 - A22A220-B121 - A21A222-B120) 
128 

—K(Ki — 2K 2 ) (A20A221-B122 — A21 A220-B122 — A22A221-B120) 

-208A"u (K 1 - 2K 2 ) (A W A 21 A 222 - AnA 20 A 222 - A10A22A221) 
~208Ku (Ki - 2K 2 ) (Ai 2 A 20 A 22 i + AnA 22 A 220 - A12A21A220) 
+52Ku (K! + K 2 ) (A10A21A112 - A11A20A112 - A10A22A111) 
+b2Ku (K! + K 2 ) (+A12A20A111 + An A22A110 - A12A21A110) 
128ftT 2 



3 

128A" 2 



(A110A221-B122 — A111A220-B122 — A110A222B121) 

, (A112A220B121 + A111A222B120 - A112A221B120) 

-208K 2 m(-Ai 2 AiiiA 2 20 + A11A112A220 + A12A110A221) 
+208ftr 2 M(AioAii 2 A22i + A11A110A222 - A10A111A222); 
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v 22 = 

- (64K 2 - 124^1X2 + 52X|) (A10A21B122 - A11A20B122 - A10A22B121) 

- (64^ - 124^1^2 + 52K%) (A12A20B121 + A11A22B120 - A12A21B120) 



3 v 


2K 2 ) (A20A221-B122 - 


- A21A220-B122 - 


- A20A222B121) 


3 v 


2X 2 ) (A22A220-B121 ^ 


- A21 A222B120 - 


- A22A221B120) 


-"*<*- 


2X 2 ) (A12A220-B121 ^ 


- A11A222-B120 - 


- A12A221-B120) 


32 , 
-3-^(^1 + 


^2) (A10A221B122 — 


A11A220-B122 — 


A10A222B121) 


16 , 
+ -K(8K 1 - 


- K 2 ) (A20A111S122 - 


- A21A110B122 - 


- A20A112B121) 


+ ™K(8K 1 - 


- K2) (+A22A110-B121 


+ A21 A112-B120 


— A22A111B120) 


-^*(2*i 


- K 2 ) (A10A111B122 


— A11A110-B122 


— A10A112B121) 


128 , 
- — K(2K l 


- K 2 ) (A12A110B121 


+ An A112-B120 


— A12A111B120) 



+52_ft"« (ifi + K" 2 ) (A10A21A222 - A11A20A222 - A10A22A221) 
+b2Ku (K-i + K 2 ) (A12A20A221 + A11A22A220 - A12A21 A220) 
+208Kw (2K X - K 2 ) (A10A21A112 - A11A20A112 - A10A22A111) 
+20%Ku (2K X - K 2 ) (A12A20A111 + A11A22A110 - A12A21A110) 
12SK 2 



3 

128K 2 



(A110A221-B122 — A111A220-B122 — A110A222-B121) 
(A112A220-B121 + A111A222-B120 — A112A221-B120) 



3 

+208K 2 m(A22AiiiA 2 20 - A21A112A220 - A22A110A221) 
+208ftT 2 «(+A 2 o A112A221 + A21A110A222 — A20A111A222 
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Via = 

- (44K 2 - 104A-1 K 2 + 44A"|) (A10A21B122 - A11A20B122 - A 10 A 22 Bi2i) 

- (44^ 2 - 104^1^2 + 44^|) (A12A20B121 + A11A22B120 - A12A21B120) 
64 

— - K - 2K 2 ) (A20A221S122 - A2iA 220 Bi 2 2 - A20A222-B121) 
64 

— — K (K-l - 2K 2 ) (A 22 A 220 B 121 + A21A222B120 - A22A221-B120) 
64 

— — K {2K\ — K 2 ) (A10A111S122 — A11A110B122 — A10A112B121) 
64 

— (2K"i - K 2 ) (A12A110B121 + A11A112B120 - A12A111B120) 
-y K (A"i + K 2 ) (A10A221B122 - AiiA 22 o-Bi22 - A2oAiiiBi 22 ) 

— (Ki + K 2 ) (A21A110B122 — AiqA 222 Bi 2 i + A12A220-B121) 

~Y K ( Kl + K '^> ( A 20All2-Bl21 - A 22 AilO-Bl21 + AilA 2 2 2 -Bl20) 

+ y K (K x + K 2 ) (Ai 2 A 2 2i-Bi2o + A21A112B120 - A22A111B120) 

+ -^--^ 2 (An2A 2 2l-Bl20 — A111A222-B12O — An2A 2 20-Bl2l) 
+ -^--^ 2 (+AnoA222-Bl21 + AinA220-Bl22 — Alio A 2 21 -Bl 22 ) . 

10.4 Total Covariant Derivatives 

Si = 

a a ( Ku \ a a 

Pl TT + Pn » h + P12 -r Hpin- 

ou opi \ 2 / op 2 opu 

/ uKx 5K Pl \ d ( uK 2 5Kp 2 \ d 

— -J^ + r 22 ^- — -)a^- 2 

d ( uK\\ Kipi 7Kpn 

+P1111 — h P1112 — 



+ ^Pll22 - 
P1222 — 



<9pm V 12 2 6 / 9pii2 

M-ft"l2 K 2 p\ ^1P2 7Kpi 2 \ a 



6 2 2 3 J dpi 22 

uK 22 3K 2 p 2 7Kp 22 \ d 

dp 222 ' 
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S 2 = 

a ( Ku \ a a ( uKi 5k p1 \ a 
v *a~u + {— +P12 ) Wi +P22 W2 + V 112 + — + —)a^ 
t uk 2 5K P2 \ a a 

+ P122 + — — H — hp 2 22^ h 

V 6 6 J dpi2 C?P22 



P1112 



uKu 3Kipi 7Kpn \ d 



4 2 2 J dpi 



in 



U-fSTl2 , K2P1 K1P2 7Kpi 2 

P1122 + — + — + — + ^J o,m- 2 

< uK 22 , ^2P2 , 7Kp 22 \ d 
P1222 H — 1 1 — -z KP2222- 



12 2 6 / 9pi22 9P222 



a . „ 9 . , ,.2 . „ n a . „ 9 



K *BK +K *m + { - K +Kl2) aK 2 +Kl -aKn 

V 3 ; ax 12 V 3 ; ax 22 

a / 5ft:, 2 iikku \ a 
+Kiiu — — + — -± — + K1112 ' 



dKui V 6 6 J dKu 2 



+ ^ 1122 - -KiK 2 — j — + ^ 1222 - —) — 

a , / 2ijfiJfii nKKm \ a 

+-K11111 — — h Ki 



+ ( -ft"lll22 — 
i^H222 — 



aXmi V 10 10 ) dKn 

lK 2 Kn UKiKi 2 2\KKn 2 



5 5 5 J 8K 11X 

2\K 2 Ki 2 2\KiK 22 63KKi 22 \ d 



5 10 10 J dKi 222 

' A2K 2 K 22 A2KK 222 \ d d 
-K12222 — — h Kiimi 



5 / dK 2222 aXmii 

11 



7K\ X UKiKm 12KKim\ d 

+ -K111112 



+ ^111122 — 



5 5 5 / aXmi2 

UK11K12 7K 2 Kui 2\KiKu 2 2AKKm 2 \ d 



5 5 5 5 / aXni22 

+ ^111222 



14i^ 2 2 7^11^22 21^2^112 2IK1JC122 36^1122 ^ 3 



A'l 



5 5 5 5 5 J dKn 222 

28Ki 2 K 22 A2K 2 Ki 22 UKiK 222 48KKi 222 \ d 



12222 



/ dKi 2222 



+ [Kl 22222 - 7K'i 2 - 14X 2 X 22 2 - 12E"^2222) zt-t^- 

an 22 r ± 
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<5f = 

9 Its „2\ 9 r „ 9 / 10KKl\ 9 

K 2 - + (K 12 + K*) — + K 22 — + (x 112 + — J — 

3 y 1 9x 12 V 2 2 ; 9X m 

--^222^77 1- ( Kn 22 H i — - H — — ) — — hi^2222- 



dK 22 V 3 3 J dK 112 dK 222 

K\ 222 H -2- H 22 ) — — h i^22222 



6 6 / dK\ 22 8K 2222 

( Kl2222 + g^gg + 21 ^ 2 ) 

V io 10 y 9x 1222 

14X 2 Xi 2 7KxK 22 2\KK Y22 

-K11222 + 



+ I X11122 + 



5 5 5 y ^1122 

2IK2K11 21Xi K i2 63X^112 \ 9 



9i\22222 V 5 5 5 / 9A"l2222 

14Xi 2 X 22 2IX2X122 7K!K 222 24KK 1222 \ 9 



+K 222222Trr; h ( K 

K\\ 2222 + 
-^111222 + 
X111122 + 



10 5 10 J dK t 

42XiXn , 42KKm\ 9 

22 



9 7 ^22 14X 2 X 2 22 12XX 2 222 \ 9 



5 5 5 5 7 9X11222 

14X 2 2 1K^K 22 , 21X 2 Xii2 , 21X 1 X 122 , 36KK 1122 \ , > 



■ (X111112 + TK^ 
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